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Abstract

In this article, materials within a crystallite are modeled by continuum particles consisting of various types of ferro-

electric variants which are characterized by their mass fractions. The constitutive behavior of each type of variant is

characterized by a proposed Helmholtz free energy potential. Polarization switching is modeled by continuous changes of

mass fractions which are governed by a onset criterion and a kinetic relation. A finite element algorithm is developed

using the virtual work principle. The simulated results on the rate dependence in the polarization and strain responses to

applied alternating electric field of different frequencies are in qualitative consistence with experimental observations. The

rate-dependent behavior is explained in terms of changes of mass fractions of the variants that polarization switching

involves, in response to the loading programs of different loading rates. � 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Ferroelectric materials (Jaffe et al., 1971) such as barium titanate, PZT, and PLZT ceramics have been
widely used to design various types of smart systems, memory devices, MEMS, etc. The switching property
of the materials plays an important role in the operation of some of those systems. In a tetragonal unit cell,
the polarization switching occurs when an applied electric field exceeds the coercive field (which is the
magnitude of electric field at zero polarization intensity on the electric field–electric displacement hysteresis
response) and thus moves the central ion from one of the six off-center tetragonal sites to another. This
changes the polar direction to the one that is most closely aligned with the applied electric field. In a
polycrystalline ceramic, a crystallite usually has six different types of variants that are combined to form a
complicated domain structure/pattern. Therefore, switching process is much more complicated in a poly-
crystalline material than in a unit cell.
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It is of interest to model the behavior of these polycrystalline materials at the level of crystallites. This
mesoscale model is needed to improve understanding the macroscopic effect of ferroelectric domain
switching and to predict the macroscopic behavior of polycrystals by averaging the behavior of each
crystallite. Together with experimental observations and measurements, these can provide guidance in the
development of constitutive relations.

The finite element method has been used as a powerful tool for analyzing a complicated system. Recently
some significant progress has been made in the finite element modeling of ferroelectric materials. A mac-
roscale finite element model for an electro-mechanically coupled material has been suggested by Ghandi
and Hagwood (1996, 1997). They formulated a three-dimensional (3-D) eight-node element with nodal
displacement and electric potential degrees of freedom using isoparametric shape functions. The phase/
polarization state of materials is represented by internal variables in each element, which are updated at
each simulation step based on a phenomenological model. A mesoscale finite element model has been
developed by Hwang and McMeeking (1998, 1999) and Huo and Jiang (1997, 1998). The former modeled
each crystallite as an element with only one type of variant, with the tetragonal orientation for each element
selected randomly. When an element satisfies a given switching criterion, switching occurs in the element
and the tetragonal axis changes to a different permitted direction immediately. The latter modeled a
crystallite as a body of mixture consisting of distinct types of variants and characterized a grain by the
values of mass fractions of variants. The mass fractions are regarded as internal variables and updated at
each simulation step by a switching criterion.

It has been evident experimentally that the macroscopic behavior of polycrystalline ferroelectric mate-
rials is generally rate dependent. For instance, the coercive field becomes increasingly larger with the in-
creasingly higher frequency of the applied alternating electric field, within the frequency range: 1–100 Hz, as
reported by Jiang et al. (1994). The above-mentioned models were not developed to model the rate-
dependent behavior, although they have been successful in explaining some aspects of ferroelectric domain
switching. The present work is to develop a finite element model for the rate-dependent behavior of fer-
roelectric ceramics associated with domain switching. We model a ferroelectric polycrystalline body as an
aggregate of many crystallites with randomly distributed crystal orientations and we partition each crys-
tallite into finite elements. As in Huo and Jiang (1997, 1998), we regard a finite element as a continuum
body of mixture characterized by the mass fractions of the existing variants. To model the rate-dependent
behavior, we replace the Huo–Jiang switching criterion, that forces finite jumps in mass fractions when
switching takes place, by a kinetic relation that leads to continuous evolutions of the mass fractions. This
allows us to model the rate dependence of polarization and strain in response to applied alternating electric
fields and applied alternating mechanical loads as well.

2. Helmholtz free energy

In the present model, a polycrystalline ferroelectric ceramic is composed of many crystallites with dis-
tinct crystal orientation. Furthermore, each crystallite consists of various kinds of variants and has a
complicated domain structure. A domain is a region within which there exists only one kind of variant
and the polar direction is different from those of neighboring domains. Therefore, in order to understand
the behavior of a ferroelectric ceramic, it is necessary to describe the characteristics of each variant in a
crystallite of the ceramic. In this section we describe the electro-mechanical behavior of a variant within a
crystallite. Many ferroelectric ceramics, such as BaTiO3 and some PZT solutions, have a tetragonal crystal
structure at room temperature, so that a crystallite in these materials may have at most six different types of
variants. We assume that each variant can be modeled as a polarizable solid, characterized by the Helm-
holtz free energy function wiðpi;SiÞ. The Helmholtz free energy function wiðpi;SiÞ for the i-type variant is
given by
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qwiðpi;SiÞ ¼ 1
2
vS
i ðpi � psiÞ\ðpi � psi Þ þ 1

2
cPi ðSi � Ss

i ÞðSi � Ss
iÞ þHT

i ðpi � psi Þ"ðSi � Ss
i Þ; ð1Þ

where vS
i is the inverse dielectric susceptibility tensor of second order at constant strain; cPi the elastic

stiffness tensor of fourth order at constant polarization; Hi the piezoelectric tensor of third order; and
psi and Ss

i are the spontaneous polarization vector and spontaneous strain tensor of the i-type variant,
respectively. The superscript T stands for the transpose of a tensor.

Then the electric field intensity Ei and stress field Ti, constitutively related to the Helmholtz free energy
function wi by Ei ¼ qðowi=opiÞ and Ti ¼ qðowi=oSiÞ, are, respectively, given by

Ei ¼ vS
i ðpi � psi Þ þHiðSi � Ss

i Þ;
Ti ¼ cPi ðSi � Ss

i Þ þHT
i ðpi � psi Þ:

ð2Þ

The inversion of these relations leads to

pi ¼ psi þ yTi Ei þ diTi;

Si ¼ Ss
i þ sEi Ti þ dTi Ei;

ð3Þ

where yTi , di, and sEi are the dielectric susceptibility tensor at constant stress, piezoelectric tensor and elastic
compliance tensor at constant electric field of the i-type variant, respectively. The electric displacement
vector Di is given by

Di ¼ �Ti Ei þ diTi þ psi ; ð4Þ

where �Ti is the permittivity tensor of the i-type variant at constant stress given by

�Ti ¼ �01þ yTi ; ð5Þ
where �0 is the permittivity of free space and 1 is the unit tensor. For finite element formulation it is
necessary to write Di and Ti in terms of Ei and Si. Then, from Eqs. (3) and (4),

Di ¼ �Si Ei þ eiðSi � Ss
i Þ þ psi ;

Ti ¼ cEi ðSi � Ss
i Þ � eTi E;

ð6Þ

where �Si is the permittivity tensor at constant strain, ei is the piezoelectric tensor, and cEi the elastic stiffness
tensor at constant electric field.

A domain switching can be viewed as a jumping process of dipoles from a high energy state to a low
energy state. Therefore, it is necessary to define a potential energy function per unit reference volume
Giðpi;Si;E;TÞ of the i-type variant by

Giðpi;Si;E;TÞ ¼ qwiðpi;SiÞ � E � pi � T � Si: ð7Þ
Its value at an extremum of Gið�; �;E;TÞ coincides with the Gibbs free energy per unit reference volume
giðpi;SiÞ of the variant

giðpi;SiÞ ¼ qwiðpi;SiÞ � Ei � pi � Ti � Si; ð8Þ
where Ei and Ti are given by Eq. (2). Combining Eq. (8) with Eqs. (1) and (2) yields in terms of pi and Si

giðpi;SiÞ ¼ � 1

2
Ei � ðpi þ psi Þ �

1

2
Ti � ðSi þ Ss

i Þ: ð9Þ

Inserting Eq. (3) into Eq. (8) gives the Gibbs energy function gi in terms of Ei and Ti as

giðEi;TiÞ ¼ � 1

2
yTi Ei � Ei �

1

2
sEi Ti � Ti � dTi Ei � Ti � Ei � psi � Ti � Ss

i : ð10Þ
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3. Averaging

The domain structure in a crystallite is so complicated that it is impractical for a continuum-based model
for characterizing the behavior of individual domains in the crystallite. Therefore, in order to describe a
domain switching, a crystallite is modeled as a continuum body in which a macroscopic particle is smaller
than a crystallite but bigger than a domain. A macroscopic particle consists of six distinct types of variants
in general and the mass fraction of each type of variant in the particle changes as external loads change.
Therefore the process of domain switching can be described by the change in mass fractions of various types
of variants in a particle. The mass fraction mi of the i-type variant in a particle must satisfy the following
constraints:

06mi 6 1;
X6

i¼1

mi ¼ 1: ð11Þ

Since a crystallite with various types of variants is modeled as a continuum, it is necessary to determine
its average physical properties. Recently a number of studies have been done on obtaining the average
properties of electro-mechanical materials. Most of them, unfortunately, involve extensive amount of
computational work and therefore they are not suitable for the present study dealing with hundreds of
crystallites. Here we adopt the simple averaging method, suggested by Huo and Jiang (1998), and assume
that all the variants in the same particle are subjected to the same electric and stress fields and that the
polarization and strain of the particle are the summation of those of all the variants of the particle weighted
by their mass fractions. That is,

Ei ¼ E; Ti ¼ T; ð12Þ

w ¼
X6

i¼1

miwi: ð13Þ

p ¼
X6

i¼1

mipi; S ¼
X6

i¼1

miSi: ð14Þ

Combining Eqs. (1)–(3), (11)–(14) yields

qwðp;SÞ ¼ 1

2
vSðp� psÞ � ðp� psÞ þ 1

2
cPðS� SsÞ � ðS� SsÞ þHTðp� psÞ � ðS� SsÞ; ð15Þ

and

p ¼ ps þ yTEþ dT; S ¼ Ss þ sETþ dTE; ð16Þ
where the dielectric susceptibility tensor at constant stress yT, the piezoelectric tensor d, and the elastic
compliance tensor at constant electric field sE are defined by

yT ¼
X6

i¼1

miy
T
i ;

d ¼
X6

i¼1

midi; ð17Þ

sE ¼
X6

i¼1

mis
E
i :
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Now we describe the governing equations for the behavior of ferroelectric ceramics using the average
quantities defined through Eqs. (14) and (17). According to Coulomb’s law and mechanical equilibrium, the
average total electric displacement vector D and the stress tensor T should be divergence free within a
crystallite or a finite element.

divD ¼ 0; divT ¼ 0: ð18Þ
The average electric displacement vector D is given by

D ¼ �TEþ dTþ ps; ð19Þ
where �T is the average permittivity tensor at constant stress given by

�T ¼ �01þ yT; ð20Þ
where �0 is the permittivity of free space and 1 is the unit tensor. Eqs. (2) and (6) can be rewritten in terms
of average variables and average properties as

E ¼ vSðp� psÞ þH ðS� SsÞ;
T ¼ cPðS� SsÞ þHT ðp� psÞ;

ð21Þ

or equivalently

D ¼ �SEþ e ðS� SsÞ þ ps;

T ¼ cEðS� SsÞ � eTE:
ð22Þ

The various average properties shown in Eqs. (21) and (22) are related to each other and the relations can
be obtained from a thermodynamical consideration.

Continuity of electric displacement and stress at crystallite or finite element boundaries requires that

ðD
þ
�D

�
Þ � n ¼ 0; ðT

þ
� T

�
Þ n ¼ 0; ð23Þ

where n denotes the unit vector normal to the boundary. ð �þÞ and ð ��Þ stand for the limiting values of a
generic field quantity ð�Þ at a point on the boundary as the boundary is approached from either side. The
average electric field vector E is given by

E ¼ �grad/; ð24Þ
where / is the electric potential. Continuity of electric potential across the boundaries between crystallites
or finite elements requires that

/
þ
� /

�
¼ 0: ð25Þ

4. Switching criterion and kinetics

In this section we describe the switching criterion and kinetic relation that are to be utilized in the
calculations. The switching criterion determines the conditions under which a domain switching com-
mences. Once a domain switching occurs, its rate is controlled by a kinetic relation. We generalize a
viewpoint on the switching criterion and kinetics, suggested by Abeyaratne et al. (1994), and adopted by
many researchers including Jiang (1994), and Kim (1998, 2000), that postulates that a phase transformation
begins with the nucleation of a new phase out of an old phase and it proceeds at the expense of the old
phase. The new phase grows as the phase boundary between the new and old phases migrates in the
material body. In their 1-D model, a new phase is nucleated at a critical value of driving force acting on the
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phase boundary, and the propagation speed of the phase boundary is determined by the magnitude and
direction of driving force. The driving force is the difference in Gibbs energies of the two phases involved in
the phase transformation. In a 1-D model, the location of phase boundary acts as an internal variable
indicating the progress of phase transformation. However, here in a 3-D model, the mass fractions of
variants are used as internal variables, and hence a kinetic relation tells us the rate of change of mass
fraction at a given driving force. Next we introduce driving force and describe the switching criterion and
kinetics.

4.1. Driving force

In order to describe switching criterion and kinetics it is necessary to define the driving force between two
different types of variants. The driving force fij between the i- and j-type variants is defined by

fij ¼ gi � gj; ð26Þ

where gi stands for the Gibbs energy of the i-type variant given by Eq. (8). Therefore, the driving force fij
represents the excess of the Gibbs free energy associated with the i-type variant over that associated with
the j-type variant. Abeyaratne et al. (1994), Jiang (1993), and Kim (2000) have shown that in a 1-D setting
the second law of thermodynamics requires that the product of driving force acting on a phase boundary
and the velocity of phase boundary be greater than or equal to zero. This means a phase transformation
should proceed in the way that the total Gibbs energy is decreased. In the present model the requirement of
the second law would be generalized to

fij _mmij P 0; ð27Þ

where _mmij stands for the rate of change in the mass fraction of the j-type variant in the i ! j domain
switching. Eq. (27) says that if the Gibbs energy of the i-type variant is higher than that of the j-type
variant, then fij is bigger than zero and from Eq. (27) the i-type variant, if switched, has to be switched to
the j-type variant.

4.2. Switching criterion

Many experiments show that a domain switching begins at a critical value of applied field and that this
critical value is relatively more certain for a single crystal than for a polycrystalline ceramic (see Hwang
et al., 1995; Jona and Shirane, 1962; Strukov and Levanyuk, 1998). Based on those experimental obser-
vations, we assume that there exists a critical value of driving force fnucl for the onset of domain switching.
That is, the switching criterion for the i ! j domain switching is given by

fij P fnucl for the onset of i ! j domain switching: ð28Þ

In addition, we assume that if more than one variant satisfies Eq. (28), then the variant with the lowest
Gibbs energy is nucleated. For illustration, consider a domain switching in an element consisting of an
i-type variant only initially. The application of an external field changes the stability of various variants,
including the i-type variant. Suppose that under the applied field a particular variant, for instance the j-type
variant, has the smallest Gibbs energy among all the variants. Then, according to the proposed switching
criterion, the j-type variant is nucleated from the i-type variant at the instant when the driving force fij
between the two variants reaches the critical value fnucl.
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4.3. Kinetics

Once the j-type variant is nucleated out of the parent i-type variant, it grows at the expense of the parent
variant at a rate given by a kinetic relation. In this paper we propose a simple linear kinetic relation of
frictional type given as follows:

_mmij ¼
Rijðfij þ fcrÞ for fij 6 � fcr;
0 for �fcr 6 fij 6 fcr;
Rijðfij � fcrÞ for fij P fcr;

8<
: ð29Þ

where Rij > 0 is a material constant representing the flexibility of the i ! j domain switching and fcr is the
critical value of driving force at which the domain switching begins by the movement of domain boundary.
For simplicity we assume that Rij is the same for domain switching involving all types of variants of the
same material. Since _mmij represents the rate of i ! j domain switching, the rate of the reverse j ! i domain
switching _mmji is _mmji ¼ � _mmij. The total growth rate of j-type domain _mmj is given by

_mmj ¼
X6

i¼1; i 6¼j

_mmij; j ¼ 1; . . . ; 6: ð30Þ

In finite element calculations, it often happens that the total Gibbs energy of a body is increased after the
kinetic relation (29) is applied to all the finite elements satisfying the switching criterion (28). This is
contrary to the second law and has to be avoided. One may avoid this contradiction by searching for the
different configuration of the body that gives the lowest total Gibbs energy. The details will be discussed in
next section.

5. Numerical algorithm

In this section we propose and explain the numerical algorithm that we use in our calculations. The main
tool for numerical calculations is the finite element method. The equations for our finite element formu-
lation are developed from the following principle of virtual work:Z

V
dS � TdV þ

Z
V

dE �DdV ¼
Z
S

du � tdS þ
Z
S

d/ q dS; ð31Þ

where dð�Þ indicates a virtual variation. The mechanical boundary conditions are

Tn ¼ t0 on St;
u ¼ u0 on Su;

ð32Þ

where t0 is the traction vector given on St and u0 is the displacement vector given on Su with Su þ St ¼ S.
The electrical boundary conditions are

D � n ¼ �q0 on Sq;
/ ¼ /0 on S/;

ð33Þ

where /0 is the prescribed electric potential on S/ and q0 is the prescribed charge on Sq with S/ þ Sq ¼ S.
The displacement and potential fields can be written in terms of finite element interpolations using a matrix
notation as

uf g ¼ ½Nu� uNf g;
/ ¼ N/

� �T
/Nf g;

ð34Þ
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where the matrices ½Nu� and fN/gT contain interpolation functions and the matrices fuNg and f/Ng contain
the displacements and potentials respectively for all the nodal points in the finite element mesh. The no-
tation f�g stands for a column matrix and the superscript T stands for the transpose of a matrix. The strain
matrix fSg and electric field vector fEg for each element are given by

Sf g ¼ ½Bu� uNf g;
Ef g ¼ �½B/� /Nf g;

ð35Þ

where the matrices ½Bu� and ½B/� result from differentiation of the matrices ½Nu� and fN/g respectively.
Rewriting the constitutive equation (22) using a matrix notation, we get

Df g ¼ ½�S� Ef g þ ½e�ð Sf g � Ssf gÞ þ psf g;
Tf g ¼ ½cE�ð Sf g � Ssf gÞ � ½e�T Ef g:

ð36Þ

Then the matrix equations (34)–(36) are inserted into the virtual work principle (31). Finally using the
requirement that the resulting equation must be true for all virtual variations of nodal displacements fduNg
and nodal potentials fd/Ng, then it follows that the finite element equations are

Kuu½ � uNf g þ ½Ku/� /Nf g ¼ Ff g þ Fsf g;
K/u

� 	
uNf g þ ½K//� /Nf g ¼ Qf g þ Qsf g þ Cf g;

ð37Þ

where ½Kuu� and ½K//� are the elastic and dielectric stiffness matrices respectively; ½Ku/� and ½K/u� are the
piezoelectric stiffness matrices; and the various column matrices on the right-hand side are load vectors. The
stiffness matrices are given by

½Kuu� ¼
Z
V
½Bu�T ½cE�½Bu�dV ; ½Ku/� ¼

Z
V
½Bu�T ½e�T ½B/�dV ;

K/u

� 	
¼

Z
V
½B/�T ½e�½Bu�dV ; ½K//� ¼ �

Z
V
½B/�T ½�S �½B/�dV ;

ð38Þ

and the load matrices are given by

Ff g ¼
Z
S
½Nu�T tf gdS; Fsf g ¼

Z
V
½Bu�T ½cE� Ssf gdV ;

Qf g ¼ �
Z
S

N/

� �
qdS; Qsf g ¼ �

Z
V
½B/�T psf gdV ;

Cf g ¼
Z
V
½B/�T ½e� Ssf gdV : ð39Þ

Now the model developed in the previous sections is implemented in a finite element mesh of many
crystallites. For the purpose of illustration, all the simulations presented here were carried out for a 2-D
ceramic specimen of 93 crystallites. A random number generator is used to generate the crystal axes for all
the crystallites. Since it is a 2-D analysis, each crystallite has only four distinct types of variants in the x1x2-
plane. A crystallite is modeled as a regular hexagon and each regular hexagon is partitioned into 12 triangle
finite elements. Six of the finite elements are located near triple points and the rest of them are around the
center of the hexagon, as shown in Fig. 1. A triangle element has a linear interpolation of displacement and
potential and hence the strain and electric field intensity is constant within the element. Considering the
symmetry of the problem, we have carried out simulations only for a quardran of the whole ceramic
specimen, as shown in Fig. 1. Mechanically, the bottom line x2 ¼ 0 is constrained to zero displacement in
the x2-direction and the vertical line x1 ¼ 0 is constrained to zero displacement in the x1-direction. The other
boundary lines x1 ¼ L1 and x2 ¼ L2 are free of traction. Electrically, the bottom line x2 ¼ 0 has zero
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potential all the time and the top line x2 ¼ L2 has a given potential /ðtÞ. The two lines x1 ¼ 0 and x1 ¼ L1 are
free of charge.

We now explain the numerical algorithm that is used to calculate the response of the model under the
application of electric field. A similar algorithm is used in calculating the response of the model under
mechanical loads. Initially every finite element in the specimen consists of four distinct types of variants,
all the variants having the same value of mass fraction. The net polarization of the specimen is therefore
zero at the initial instant of time. The electric potential is imposed on the top and bottom lines of the
specimen. The potential at the nodes on the line x2 ¼ 0 is kept at zero all the time while the potential /ðtÞ
at the nodes on the line x2 ¼ L2 is increased (or decreased) linearly with time. Now we describe the
calculation procedure at a time step from t to t þ Dt. Suppose we know the values of all system pa-
rameters at time t and the potential at the top line is increased from /ðtÞ to /ðt þ DtÞ. What we have to do
is to find out the system configuration at time t þ Dt, i.e., the values of mass fraction at time t þ Dt at
every finite element.

(i) First we compute a new set of nodal potentials and displacements, strain and electric field intensity,
stress and electric displacement corresponding to the potential boundary conditions at time t þ Dt.

Since the potential boundary conditions at the nodes on the top line have been changed, the finite el-
ement equations (37) must be solved to get a new set of nodal potentials and displacements. The strain and
electric field intensity can be calculated from Eq. (35) using the new values of nodal potentials and dis-
placements. The electric displacement and stress in an element are given by Eq. (36).

(ii) Compute the Gibbs free energy of distinct types of variants and driving forces in each element and
rearrange all the elements in the order of maximum driving force. Calculate the total Gibbs energy of the
ceramic body and denote it as g(0).

Substituting the values of electric field and stress into Eq. (10) gives the new values of Gibbs free energy
of various types of variants and those values determine the relative stability of variants. In order to apply
the switching criterion and kinetics, we have to find out which finite element is more likely to switch. Since
the element with a larger maximum driving force is more likely to switch than the element with a lower
maximum driving force, it is necessary to rearrange all the finite elements in the order of maximum driving
force. Before applying the switching criterion and kinetics, we calculate the total Gibbs free energy of the
body by summing up the free energy of all finite elements and call it g(0), where zero in the parenthesis
means no switching occurred yet in the elements of the specimen.

(iii) Apply the switching criterion and kinetics to the element with the largest maximum driving force.
Then update the mass fractions and material properties of the element and solve the finite element equa-
tions again. Using the new set of nodal potentials and displacements, compute the total Gibbs energy g(1),
where 1 means that the most-probable element is switched.

Fig. 1. A schematic diagram of the triangle finite elements.
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The switching criterion (28) and kinetic relation (29) are applied to the element with the largest maxi-
mum driving force. The rate of increase of mass fraction of each variant in the finite element is computed
from Eq. (30). The values of mass fraction in the element are updated and accordingly the material
properties of the element are recomputed using Eq. (17). Then the finite element equations (37) are as-
sembled again using the new values of material properties and solved to yield a new set of electric field and
stress fields in the body. As we did in computing g(0), we compute the total Gibbs free energy of the body
and call it g(1), where the number 1 in the parenthesis means the kinetic relation is applied to the most-
probable finite element.

(iv) Apply the switching criterion and kinetics to the first n most-probable finite elements, where
n ¼ 2; 3; . . . ;Nnucl, and compute the total Gibbs energy g(n), where n is the number of elements to which
kinetics are applied.

The second most-probable finite element is switched according to Eqs. (28)–(30), and the values of mass
fraction in the element are updated. Then we reassemble the finite element equations and solve them,
yielding a new set of electric and stress fields. As before, we compute the new value of total Gibbs energy
and call it g(2), where the number 2 means the first and second most-probable elements are switched. In this
way we proceed until all the elements satisfying the switching criterion are switched. If Nnucl elements satisfy
the switching criterion, then we have to repeat the same calculation Nnucl times.

(v) Determine the system configuration at time t þ Dt and go back to (i) for next step calculation.
Our kinetics require that the system configuration at time t þ Dt should have the lowest total Gibbs

energy among gð0Þ; gð1Þ; . . . ; gðNnuclÞ. If g(0) is the lowest, then the system does not switch at all at this time
step and the values of mass fraction in each element at time t þ Dt are the same as those at time t. If gðmÞ is
the lowest, then the first m most-probable elements are switched and this becomes the system configuration
at time t þ Dt. After finishing the calculation for the time period from t to t þ Dt, the applied potential is
increased from /ðt þ DtÞ to /ðt þ 2DtÞ and the same calculation procedure is repeated to find the system
configuration at time t þ 2Dt.

6. Results and discussion

In previous sections we have developed a general 3-D constitutive and finite element equations for
polarization switching of ferroelectric ceramics. Now in this section we apply the developed 3-D formu-
lations to a 2-D example problem. Since it is a 2-D analysis, we need material properties in the x1x2-plane.
In the model each crystallite has a randomly generated unique orientation with respect to the global x1x2-
axes. Therefore we first give the values of components of material property tensors in the principal crys-
tallographic axes c and a of the tetragonal lattice, which are denoted as the 1 and 2 axes respectively. Then
we transform them to the values corresponding to the global x1x2-axes by the tensor transformation rule.
We chose a BaTiO3 ceramic for our calculation and its material properties were taken from Table 5.C. in
Jaffe et al. (1971). Those values are as follows:

�1 ¼ 1:2567
 10�8 C=Vm; Ss
1 ¼ 2:36965
 10�3; ps ¼ 0:26 C=m2;

�2 ¼ 1:1151
 10�8 C=Vm; Ss
2 ¼ �2:36965
 10�3; �0 ¼ 8:85
 10�12 C=Vm;

e11 ¼ 18:6 C=m2; e12 ¼ �4:4 C=m2; e21 ¼ 11:6 C=Vm2;
c11 ¼ 162
 109 N=m2; c12 ¼ 77:5
 109 N=m2; c33 ¼ 42:9
 109 N=m2;
c22 ¼ 166
 109 N=m2;

ð40Þ

where we have used the contracted notation by converting 11 ! 1, 22 ! 2, and 12 ! 3. In Eq. (40) cij are
the elastic stiffness coefficients at constant electric field; eij are the piezoelectric coefficients between strain
and electric field; and �i are the permittivities at constant strain. The values of spontaneous strains Ss

1 and Ss
2

are taken so that the initial net strains of the specimen are zero when the initial value of mass fraction of
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each type of variant in an element is 0.25. The amplitude and frequency of applied electric field are
Eamp ¼ 15
 105 V/m and 60 Hz, respectively. For simplicity the values of fnucl in Eq. (28) and fcr in Eq. (29)
are taken to be equal. With this assumption a variant nucleated at f ¼ fnucl will grow only when f increases
further above fnucl. If f stays at fnucl then the variant does not grow any longer. The value of critical driving
force for switching criterion and kinetics may be approximated from the response of a BaTiO3 single crystal
plate. The coercive field of the crystal may be approximated to be 105 V/m from Fig. 5.14 in Jaffe’s book.
Assuming that the effect of stress is negligible in a domain switching of a single crystal plate, the Gibbs
energy difference between the two types of variants involved in the domain switching of Fig. 5.14 in Jaffe’s
book would be approximately given by E 
 ps from Eq. (10). Therefore the values of fcr and fnucl in Eqs.
(28) and (29) are approximately

fcr ¼ fnucl ¼ 26000 J=m3: ð41Þ

The proportional constants Rij in Eq. (29) are assumed to have the same value for all kinds of domain
switching. Its value is chosen arbitrarily so that it produces reasonable responses. It is Rij ¼ 5
 10�4 m2/
N s.

Fig. 2 shows the electric displacement versus applied electric field responses of the model at different
rates of applied electric field. Since the values of mass fraction of four different types of variants are taken to
be 0.25 at the initial instant of time in every finite element, the initial value of net polarization intensity of
the body is zero. From the figures we find that the slopes of the curves are relatively large during the initial
period of the loading process, but soon the curves get flat during the middle period, and finally near the end
of switching the response curves become again steep. It is because in some crystallites there exist two types
of variants having almost equal value of free energy under applied field and therefore a much larger field
should be applied for a domain switching between the two variants to be finished. This will be discussed
further in Fig. 4 in terms of changes in the mass fractions of variants. Fig. 2 also shows the rate dependence
of domain switching. As the rate of applied electric field increases, the hysteresis loop is rotated in the
counterclockwise direction and the coercive field becomes larger. This rate-dependent behavior has been
observed in many experiments, but its simulation in continuum scale has never been done before. This is the
first successful simulation of the behavior at the continuum scale.

Fig. 3 shows the applied field-longitudinal strain responses of the model. Due to the shape of the curve, it
is often referred to as the butterfly curve. This interesting response is generated mainly by the mass fraction

Fig. 2. Electric displacement–applied field responses at three different electrical loading rates.
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change during a domain switching. As the applied field changes, the values of mass fractions in each ele-
ment change according to the switching criterion and kinetics. In each finite element there exist four
variants with distinct polarization directions. Two of them will have a polarization direction more aligned
to the x2-axis but the other two will be more aligned to the x1-axis. We will call the former variants as x2-
aligned variants and the latter as the x1-aligned variants. The longitudinal strain of the body depends on the
total mass fraction of x2-aligned variants. If the mass fraction of x2-aligned variants increases, then the
longitudinal strain of the body increases. If the mass fraction decreases, the longitudinal strain also de-
creases. Since the mass fractions change in a domain switching process, the longitudinal strain of the body
also changes in the process. This relation between the longitudinal strain and the mass fraction of x2-aligned
variants is shown clearly in Figs. 3 and 4. Since the sum of mass fractions of x2-aligned variants depends on
the rate of applied field, the butterfly responses also depends on the loading rate.

Fig. 3. Applied field–longitudinal strain responses at three different electrical loading rates.

Fig. 4. Change of mass fractions of variants at three different electrical loading rates.
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Fig. 4 shows the changes in the total mass fractions of the body during an electrical loading-unloading
process. The upper three curves correspond to the mass fractions of x2-aligned variants and the lower ones
correspond to the mass fractions of x1-aligned variants. The sum of the mass fractions of the four variants
in a finite element is always 1 and therefore the upper and lower curves are symmetric with respect to the
50% horizontal line in the figure. One may find a great resemblance between Figs. 3 and 4. For example, in
the range of applied field between 1 and 1.5 MV/m, the mass fraction of x2-aligned variants decreases as the
electrical loading rate is increased. This leads to two different phenomena in the same range of electric field:
one is the decrease in the longitudinal strain of the body with the increase in loading rate as shown in Fig. 3
and the other is the decrease in longitudinal electric displacement with the increase in loading rate as shown
in Fig. 2.

Fig. 5 shows the effects of applied stress on the applied field–longitudinal strain responses when the
electrical loading rate is 40 Hz. The external stress is applied on the top surface of the body in the direction
parallel to the x2-axis. In the figure, the solid line corresponds to the tensile stress of 5 MPa, the dashed line
to the zero stress, and the dashed and dotted one to the compressive stress of �5 MPa. It is shown that the
longitudinal strain of the body is bigger under the tensile stress than under the compressive one. This can be
explained in terms of the change of mass fractions of x2-aligned variants shown in Fig. 6. The mass fraction
of x2-aligned variants, shown in the upper parts of the figure, is bigger when the applied stress is tensile than
when the stress is compressive. This naturally leads to a bigger longitudinal strain at a tensile stress. In
addition, this results a bigger longitudinal electric displacement at a tensile stress, which we did not show
here because they do not differ much on the scale of the figure.

Fig. 7 shows the longitudinal strain–applied stress responses when a ferroelectric domain switching is
induced by applied stress parallel to the x2-axis under no electric field. The solid line corresponds to the
mechanical loading rate of 20 Hz, the dashed one to 2 Hz, and the dashed and dotted one to 0.2 Hz. As it is
in the field-induced domain switching of Fig. 2, the size of hysteresis loop gets bigger when the mechanical
loading rate is increased. However, the degree of rate-dependency becomes negligible as the loading rate
becomes smaller. This rate dependency can also be explained by the mass fraction change during the do-
main switching process, which is shown in Fig. 8. In Fig. 8, the curves increasing from bottom to top with
the increase in applied stress represent the mass fraction of x2-aligned variants and the others represent the
mass fraction of x1-aligned variants. As the applied stress is increased, the x1-aligned variants are switched
to x2-aligned variants and therefore the mass fraction of x2-aligned variants increases and this leads to the

Fig. 5. Effects of stresses applied parallel to the x2-axis on the applied field–longitudinal strain responses.
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increase in the longitudinal strain of the body. The mass fraction of the variant with upward polarization
direction is always equal to that of the variant with downward polarization direction; similarly the mass
fraction of the variant with rightward polarization direction is equal to that of the variant with leftward
polarization direction. Therefore the electric displacement of the body has been kept at zero at any instant
of time of the stress-induced switching process. The simulated results presented in Fig. 5 are qualitatively
consistent with the experimental observations by Lynch (1996) and Sch€aaufele and H€aardtl (1996). However,
experimental results on the dependence of macroscopic response of ferroelectrics upon the mechanical
loading rate do not appear to be available.

We have also studied the effects of kinetic material constant Rij and critical driving force fcr on the
longitudinal electric displacement–applied field responses. Our results indicate that the larger values of Rij

lead to the smaller hysteresis loops (i.e., the smaller values of coercive field), but that the larger values of fcr
lead to the larger hysteresis loops (i.e., the larger values of coercive field). We note that the model of Hwang

Fig. 6. Change of mass fractions of variants at three different stresses applied parallel to the x2-axis.

Fig. 7. Longitudinal strain–applied stress responses at three different mechanical loading rates.
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and McMeeking (1999) also suggests that a larger hysteresis loop corresponds to a larger critical driving
force fcr.

7. Concluding remarks

A 3-D continuum model, composed of Helmholtz free energy, switching criterion and kinetics, for
polarization switching of ferroelectric ceramics has been presented and implemented into a nonlinear finite
element program. The concept of macroscopic particle is used to represent the complicated micro-structures
in the material body, and an appropriate nonlinear numerical algorithm is developed based on the total
Gibbs energy of the material system. The system configuration at the next time step is the configuration that
would give the lowest total Gibbs energy among various possible configurations.

As a demonstration example, the finite element code is applied to a 2-D ferroelectric ceramic. The ce-
ramic body is composed of crystallites with random crystal directions and is subjected to mechanical or
electrical loads. The calculation results are in qualitative agreement with experimental observations. Es-
pecially, the shape of hysteresis loop is shown to depend mainly on the loading rates. When the electrical
loading rate is increased the coercive field is also increased, which is often observed in experiments. Even
when the mechanical loads are applied, the response is rate dependent, i.e. the faster loading rate, the bigger
hysteresis loop in the stress–strain responses. All these rate-dependent behavior can be explained in terms
of the changes in mass fractions of distinct types of variants. Depending on the application direction of
mechanical or electrical loads, the most favorable type of variant grows at the expense of other types of
variants, leading to the interesting nonlinear behavior of ferroelectric ceramics.
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