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Abstract. Our aim is the presentation of a macroscopic constitutive model for the purpose of
engineering reliability analysis of piezoceramic components designed for so-called ‘smart’
electromechanical sensor and actuator applications. Typically, such components are made of
materials like ferroelectric lead zirconate titanate ceramics which exhibit significant
history-dependent nonlinearities such as the well known dielectric, butterfly and ferroelastic
hystereses due to switching processes. Furthermore, phase transitions lead to distinct
thermo-electromechanical coupling properties and rate effects are present.

In a first step, we propose a constitutive framework capable of representing general
thermo-electromechanical processes. This framework makes use of internal variables and is
thermodynamically consistent with the Clausius–Duhem inequality for all admissible
processes.

Next, we focus on uniaxial electromechanical loadings and introduce microscopically
motivated internal variables and their evolution equations. In order to verify the underlying
a priori assumptions, we discuss extensively the numerically calculated model response to
standard electromechanical loading paths. It turns out that the model represents the typical
hystereses mentioned above as well as mechanical depolarization and other nonlinear
electromechanical coupling phenomena. Furthermore, the model response exhibits rate
effects.

1. Introduction

The piezoelectric effect causes a coupling between electric
and mechanical fields and thus it is a prime candidate
for advanced sensor and actuator applications (e.g. Kumar
et al 1994). In many cases, the piezoelectric effect
is realized by the ferroelectric phase of lead zirconate
titanate (PZT) ceramics (Newnham 1989, Cross 1993,
Cross 1995). If such a material has been poled by an
electric field above the coercive field at a temperature
below the Curie point, its response to small signals may
be characterized by the parameters of classical linear
piezoelectricity. However, nowadays applications involve
severe loadings and complicated geometries such that the
assumption of small signals is no longer justified in general.
Rather, the nonlinear behavior of the material can become
dominant (Liet al 1991) and it may have an impact on its
fatigue properties (Jiang and Cross 1993, Jianget al 1994).

In order to assess the reliability of a piezoceramic
component, it is important for structural engineers to estimate
its mechanical stress state quantitatively. For this purpose,
the electric and mechanical field equations have to be
solved for an appropriate constitutive assumption relating the
histories of the macroscopic stresses, strains, electric field and
polarization to each other.

The constitutive theory of linear piezoelectricity was
developed many decades ago and has found widespread
application in analytical and numerical solution methods (cf
Maugin 1988, Parton and Kudryavtsev 1988, Gaudenzi and
Bathe 1995). Many recent works have dealt with linear
piezoelectric fracture mechanics, see McMeeking (1989),
Pak (1992), Suoet al (1992), Sosa (1992), Dunn (1994),
Kumar and Singh (1996) and Govorukhaet al (1998). We
may emphasize that in principle the significance of results
based on linear piezoelectricity is restricted to cases where the
assumption of linear behavior is met with sufficient accuracy.

Works dealing with nonlinear constitutive models
of piezoceramics for purposes of engineering reliability
analyses are still quite rare. A pure phenomenological
approach for the experimental investigation and description
of constitutive behavior was invented in Chen and Tucker
(1981), Chen and Peercy (1979), Chen and Marsden (1981),
Chen (1980) and Chen (1984). An attempt to describe
macroscopic ferroelectricity on a thermodynamical basis can
be found in Bassiounyet al (1988) and Bassiouny and
Maugin (1989). Cao and Evans (1993), Schäufele and
Härdtl (1996) and Lynch (1996) were important experimental
works investigating nonlinear electromechanical coupling
phenomena. The papers by Suo (1991), Hom and Shankar
(1994), Yang and Suo (1994) and Haoet al (1996) present
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two successful attempts to describe electrostrictive coupling
by means of thermodynamically based phenomenological
models.

In Kamlah and Tsakmakis (1999) a phenomenological
constitutive model of PZT ceramics for general electro-
mechanical loading histories was proposed, which is
simple enough to be implemented in an FE-code with
reasonable expenditure. Remanent polarization and
remanent strain were introduced as internal variables and
the macroscopic electromechanical coupling phenomena
relevant for engineering applications of these materials
were represented by bilinear approximation. The model
was prompted directly from experimental findings without
reference to a thermodynamical framework. It shows no time
effects, since the evolution equations of the internal variables
are rate independent.

Some recent approaches have simulated macroscopic
ferroelectricity on the basis of microscopic models for
the behavior of single domains. Hwanget al (1995)
simulated numerically a model consisting of 10 000 randomly
oriented grains, where each grain shows an idealized
rectangular hysteresis for the dielectric behavior. With
the help of an energetically motivated criterion for domain
switching caused by an electric field or mechanical stress we
describe the macroscopic dielectric and butterfly hystereses.
Following a similar approach, the model of Michelitsch
and Kreher (1998) utilizes the additional constraint that
each single grain is transversely isotropic (instead of
possessing tetragonal anisotropy) and as a consequence,
macroscopic constitutive behavior is derived analytically
from microscopic assumptions.

One of the primary difficulties in modeling the
macroscopic behavior of ferroelectric ceramics associated
with domain switching is the drastic difference of the length
scale of ferroelectric domains from that of macroscopic
specimens. To overcome this difficulty, some investigators
(Hwang et al 1995, Kim and Jiang 1997) have proposed
to treat each grain as a single effective domain. This
approach is computationally effective and hence permits
simulations of specimens consisting of a large number of
grains, although it has several shortcomings, such as the lack
of a mechanism by which to determine the magnitude of
the effective polarization intensity. Hou and Jiang (1997)
recently proposed to model each grain as a body of a
mixture consisting of distinct types of domains which are
characterized by their mass fraction as internal variables.
The average polarization of a grain is hence a linear function
of the mass fractions and domain switching corresponds to
changes of the mass fractions of the corresponding domains.
The numerical implementation of this model has been limited
to either one-dimensional cases (Hou and Jiang 1998) or
two-dimensional cases with a few hundreds of grains (Wang
1997) because of the complexity of the formulation.

The scope of this paper is to present an approach towards
a macroscopic constitutive model for ferroelectric ceramics
applicable by structural engineers to reliability analyses
which is microscopically motivated and thermodynamically
based at the same time.

In section 2, we invent the general structure of our model.
A thermodynamic Gibbs energy function is constructed such

that classical linear piezoelectricity is included as a special
case. It has to be taken into account that the anisotropy
properties of the classical electromechanical tensors as well
as the macroscopic remanent polarization and strain depend
on the loading history. This is done by introducing so-
called microstructural parameters as internal variables which
are supposed to represent the state of the microdipoles
in the ceramic in a macroscopic manner. The Clausius–
Duhem inequality can be fulfilled in sufficient manner for
every admissible electromechanical process, if the evolution
equations for the internal variables are given a special
structure.

The experimental data for the nonlinear coupling
phenomena of piezoceramics are available in the literature
only for uniaxial electromechanical loadings. Therefore, we
specialize our considerations to this case in section 3. As a
main step, two internal variables are introduced representing
the macroscopic state of the orientation of the crystal axes
and of the spontaneous polarization, respectively, of the unit
cells in the polycrystal. The evolution equations of these
internal variables are introduced such that the model response
shows nonlinear rate effects. A threshold takes care that
only external loads of sufficient magnitude can lead to an
evolution of the microstructural parameters, i.e. to an onset
of ferroelectric switching processes.

The system of constitutive equations is too complicated
to be investigated analytically. In order to verify the physical
significance of the model, we discuss in sections 4 and
5 by means of numerical integration the model response
to standard electromechanical loading histories. Special
emphasis is placed on the microscopic interpretation of the
behavior of the macroscopic quantities.

In the following analysis which is restricted to a
geometrically linear setting, all component representations
of tensors are referred to a cartesian coordinate system
(summation convention). First-order tensors (vectors) are
denoted by slanted letters (italic) with superscript arrows
(Ea, EA) and second-order tensors (tensors) by bold letters
(sans serif) (a, A, α). A dot between tensors indicates
the contraction relative to one index, for example, the inner
product between vectors, i.e.Ea · Eb = aibi , the composition
of two tensors, i.e.A · A−1 = I (A−1 is the inverse ofA, I
is the identity tensor), the inner product between tensors, i.e.
A: B = tr(A · BT ) = AijBij (tr A is the trace ofA. BT is the
transpose ofB), (̇) = d()/dt denotes the time derivative of a
field ().

2. Thermodynamical framework

By definition, a ferroelectric material exhibits polarization
switching at attainable electric fields (Jaffeet al 1971). As
a result, the well known ferroelectric hysteresis occurs for
loadings by a cyclic electric field. Switching processes
can also be initiated by mechanical loadings leading to
ferroelastic behavior (e.g. Schäufele and Ḧardtl 1996). On
the macroscopic level, these hysteresis phenomena represent
irreversible changes in the material and they can be observed
for arbitrary slow loadings (Chen and Tucker 1981).

The above findings motivated us to decompose strain and
polarization additively in reverible and irreversible parts (see
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also Bassiounyet al 1988, Bassiouny and Maugin 1989)

S = Sr + Si (1)

EP = EP r + EP i. (2)

The irreversibleor remanentquantitiesSi and EP i represent
macroscopic averages of the microscopic spontaneous strain
and the polarization of the ferroelectric crystal structure,
respectively. In order to represent the history dependence
of irreversible strain and polarization, we consider them to
be functions of a set of internal variables:

Si = Ŝi (q1, . . . , qn) (3)

EP i = ÊP
i

(q1, . . . , qn) (4)

The association of the internal variablesq1, . . . , qn with
microstructural parameters should be introduced such that
they reflect on the macroscopic level the internal microscopic
state of the material.

Besides the above mentioned microstructural changes,
ferroelectric ceramics may respond to electromechanical
loadings without changes of the lattice structure. We
represent this reversible piezoelectric behavior by the
reversiblequantitiesSr and EP r . For a fixed internal state, the
piezoelectric properties of the material can be approximated
by linear relations. In this sense, it seems appropriate to
choose the relations

Sr = C−1: T + dIT · EE (5)

EP r = dI: T + ε · EE (6)

for the reversible strain and polarization whereT is thestress
and EE is theelectric field. Although these equations have the
same structure as the classical linear piezoelectric constitutive
law, the elasticity tensorC, the tensor of piezoelectric
constantsdI, and thedielectric susceptibility tensorε depend
on the loading history via the internal variables:

C = Ĉ(q1, . . . , qn) (7)

dI = d̂I(q1, . . . , qn) (8)

ε = ε̂(q1, . . . , qn). (9)

In this way we take into account the sensitivity of the
reversible properties of the ceramic to changes in the
lattice structure. In particular, the history dependence
of these tensors is related to history-dependent anisotropy
properties. This may be most pronounced in the case of
dI, since the phenomenon of piezoelectrical coupling is
absent on the macroscopic level in an unpoled material
even if its microstructure exhibits a microscopic spontaneous
polarization.

Until now, we have motivated a certain model structure
for the description of the electromechanical behavior of
ferroelectric ceramics as a first step. In the next step, we want
to find a thermodynamical basis for this model structure. For
this purpose, we depart from the Clausius–Duhem inequality
for a deformable dielectric body which reads in an isothermal
process with uniform temperature distribution as

T: Ṡ + EE · ĖP > ρψ̇ (10)

whereρ is the mass density(cf Maugin 1988). Thefree
energyψ = u − T s has to be constructed such that it is
compatible with the piezelectricity relations (5) and (6) in
view of the inequality (10) (u is the internal energy,T is
the absolute temperature,s is the entropy). The free energy
should depend on both the reversible quantitiesSr , EP r and
the remanent quantitiesSi , EP i . Noting the relations in (1)
and (2), we write

ψ = ψ̄(Sr , EP r, q1, . . . , qn). (11)

Then, we find the potential relations

T = ρ ∂ψ̄
∂Sr

(Sr , EP r, q1, . . . , qn) (12)

EE = ρ ∂ψ̄
∂ EP r (S

r , EP r, q1, . . . , qn) (13)

as necessary and sufficient conditions for the Clausius–
Duhem inequality (10) to be satisfied for reversible processes
in the sensėqα = 0, α = 1, . . . , n.

Assuming the relations (12) and (13) can be solved for
Sr , EP r , we may introduce by the Legendre transform

ρg = −ρψ + T: Sr + EE · EP r (14)

theGibbs energy

g = g̃(T, EE, q1, . . . , qn). (15)

Using (12) and (13), we obtain

Sr = ρ ∂g̃
∂T
(T, EE, q1, . . . , qn) (16)

EP r = ρ ∂g̃
∂ EE (T,

EE, q1, . . . , qn). (17)

For fixed q1, . . . , qn, (16) and (17) represent the
piezoelectric behavior which we assume to be linear in (5)
and (6). Consequently, the dependence of

g = g̃r (T, EE, q1, . . . , qn) + g̃i (q1, . . . , qn) (18)

uponT and EE is quadratic, i.e.,

ρgr = 1
2T: Ĉ−1: T + EE · d̂I: T + 1

2
EE · ε̂ · EE (19)

which posseses the formal structure of classical linear
piezoelectricity. In fact, by the potential properties (16) and
(17) we find the piezoelectric relations (5) and (6). However,
in contrast to linear piezoelectricity the coefficientsC, dI and
ε are functions of the internal variablesq1, . . . , qn. Thus,
we now may determine the free energy functionψ̄ by the
Legendre transform (14) which is consistent with the basic
properties (1) through (9) in the sense of the Clausius–Duhem
inequality.

Next, we want to exploit the Clausius–Duhem inequality
in view of restrictions for the evolution equations of the
internal variables. With the help of the potential relations
(16) and (17), we find from the Legendre transform (14)

ρψ̇ = T: Ṡr + EE · ĖP r − ρ
n∑
α=1

∂g̃

∂qα
q̇α. (20)
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Inserting this in inequality (10) and taking into account the
additive decompositions (1) and (2) ofSi and EP i as well as
their dependences (3) and (4) on the internal variables yields

n∑
α=1

(
T:
∂Ŝi

∂qα
+ EE · ∂

ÊP
i

∂qα
+ ρ

∂g̃

∂qα

)
q̇α > 0. (21)

Following Huo and Jiang (1997), and Huo and Jiang (1998)
we call, influenced by this inequality, the quantities

fα = T:
∂Ŝi

∂qα
+ EE · ∂

ÊP
i

∂qα
+ ρ

∂g̃

∂qα
α = 1, . . . , n (22)

driving forces. The remaining inequality (21) and thus the
Clausius–Duhem inequality is satisfied in a sufficient manner,
if we assume

q̇α = 3αfα 3α > 0 α = 1, . . . , n. (23)

3. Microscopically motivated internal variables for
uniaxial loadings

We now specialize the general framework introduced in the
previous section to the case of uniaxial electromechanical
loadings of a ferroelectric ceramic. The properties of
the ferroelectric phase of the polycrystal are assumed to
be dominated by the tetragonality of the microstructure.
A consideration of the tetragonal microstructure offers
probably the most obvious insight in the relation between
microstructure and macroscopic response.

A tetragonal unit cell is characterized by the fact that one
of its lattice axes, the so-calledc-axis is about 0.1% longer
than the two other ones, thea-axes. Thec-axes of the unit
cells can be oriented in either one of the three lattice directions
of a grain. A region within a grain of the ferroelectric
polycrystal where thec-axes of the unit cells have the same
orientation is called adomain. It is a characteristic property of
ferroelectric materials that mechanical or electrical loadings
may switch the orientation of thec-axes by 90◦ and 180◦.

In the thermally depoledreference stateof the
polycrystalline ceramic, the distribution of thec-axes is
random and no direction is preferred. In case of uniaxial
loadings, the axis of the loading may eventually become
preferred such that the ceramic will exhibit transversal
isotropy on the macroscopic level irrespective of the details
of its microstructural anisotropy properties. While the axis
of anisotropy will be fixed to coincide with direction of the
loading, the extent of anisotropy may vary with the loading
history.

3.1. Uniaxial formulation of the model

The direction of the uniaxial loading is assumed to coincide
with the x3-axis. We denote the only non-vanishing
components ofT, EE, EP and EP i by σ , E, P and P i ,
respectively. Furthermore, we writeS = S33 andSi = Si33
for the relevant components of the strain tensorsS andSi ,
respectively.

The additive decompositions (1) and (2) then read as

S = Sr + Si (24)

P = P r + P i. (25)

From the piezoelectricity relations (5) and (6) we may write

Sr = 1

Ŷ
σ + d̂E (26)

P r = d̂σ + ε̂E (27)

where Ŷ = 1/(Ĉ−1)3333, d̂ = (d̂I)333 and ε̂ = ε̂33 are
functions of the microstructural parametersqα. Additionally,
we find

ρgr = 1

2

1

Ŷ
σ 2 + d̂σE +

1

2
ε̂E2 (28)

with these definitions.

3.2. Choice of microstructural parameters

The physical significance of the model depends strongly on
the choice of the internal variablesqα. For the considered
case of uniaxial loadings, we will now introduce such
microstructural parameters. They represent the microscopic
state of the ceramic in the sense of macroscopic averages.

To begin with, we consider a ferroelectric sample in its
unpoled reference state. It is well known that such a sample
exhibits irreversible deformation under compressive stresses
of sufficient magnitude without any changes of the state of
macroscopic polarization (Cao and Evans 1993, Schäufele
and Ḧardtl 1996). This phenomenon stems from so-called
90◦ switching processes of thec-axes of the tetragonal unit
cells. While the distribution of thec-axes was initially
uniform over the spherical surface, the fraction ofc-axes
aligned with thex3-axis, the axis of loading, is reduced due
to 90◦ switching processes. The length of the sample in the
direction of loading is decreased irreversibly and it gives way
for the compressive stress.

We now introduce cones of 45◦ angle with thex3-axis
being the cone axis, see figure 1. The fraction of domains with
their c-axis situated within these cones has been reduced in
the previously discussed example of mechanical compressive
loadings. On the other hand, the domains with theirc-axis
outside the cones have no more favorable positions under
the compression in the direction of the cones axis and hence
will remain unchanged. Thus, the microscopic state of the
distribution of thec-axes may be described with the help of
these cones: our first internal variable, denoted byβ = q1,
represents the fraction of domains with theirc-axes situated
within the 45◦ cones. This means thatβ may take values
between 0 and 1. From the above discussion we see that the
irreversible deformationSi should be chosen as a function of
β.

The tetragonal unit cell of a ferroelectric material is
polarized; the resultant centers of positive and negative
charges constituting the unit cell have different locations.
Thus every unit cell forms a microdipole with its axis parallel
to thec-axis of the unit cell. Within a grain, there are six
possible orientations for the microdipole of a unit cell. In
particular, there are two orientations for each lattice direction
(see figure 2). With regard to the net polarization resulting
from the microdipoles this means that different states of
macroscopic polarization can result from the same degree of
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Figure 1. Two cones of 45◦ about thex3-axis, being the axis of
loading. The value ofβ is the fraction ofc-axes situated within
these cones.

Figure 2. Within the lattice of a tetragonal grain, there are six
possible orientations for the microdipole of the polarized unit cell
(two per lattice axis).

alignment of thec-axes with respect to thex3-axis, i.e. for the
same value ofβ. Therefore, we need additional information
in order to determine the macroscopic state of polarization
associated with the microscopic domain state.

In this sense, our second internal variableγ = q2

represents the state of relative net polarization in thex3-
direction resulting from the distribution of the spontaneous
microdipoles

γ = P i

Psat
. (29)

In this equation, thesaturation polarizationPsat is the
maximum macroscopic irreversible polarization.

3.3. Relations between irreversible quantities and
microstructural parameters

We now want to specify the dependence of irreversible strain
on the microstructural parameters. As mentioned before, the
macroscopic state of irreversible strain depends onβ, the
fraction of domains with theirc-axes aligned to thex3-axis.
However, the state of relative polarization of these domains
will have no influence on the remanent distortion of the
lattice. Thus we may assume

Si = Ŝi(β) (30)

for the functional relation between the macroscopic
irreversible strain and the microstructural state variables. For

convenience, we may identify the unpoled reference state
with a vanishing value of the irreversible strain:Ŝi(βref ) = 0.
If all c-axes are situated in the 45◦ cones about thex3-axis,
i.e.β = 1, the irreversible strain reaches a saturation value,
Ŝi(1) = Ssat . Here, thesaturation strainSsat is the maximum
value of the macroscopic remanent strain of the ceramic
which is assumed for a domain state of highest order with
respect to a certain axis. By restricting ourselves to a linear
relation for the sake of simplicity, we find the relation

Ŝi(β) = Ssat β − βref
1− βref (31)

from the two values just discussed.
As a verification, it is interesting to consider the state

β = 0 where allc-axes are situated outside the 45◦ cones.
Such a state might be reached by strong compressive stresses
acting in thex3-direction. In this case we find̂Si(0) =
−Ssatβref /(1− βref ). However, in order to be able discuss
this value we must specifyβref . Sinceβref represents the
thermally depoled reference state, its value is given by the
intersection of our 45◦ cones with the spherical surface or, in
other words, by the cutoff of the spherical surface by these
cones. This value is slightly below one third, so that we may
assume

βref = 1
3 (32)

for simplicity. We then getŜi(0) = − 1
2Ssat . In a

ferroelectric material with a tetragonal microstructure one
may expect such a difference in the maximum magnitudes of
the irreversible strain for compressive and tensile loadings at
least qualitatively (see also section 4.2 of this paper and Fett
et al (1997) for experimental evidence on this matter).

For the sake of completeness, we may note at this point
that we find from the definition (29) of the second internal
variableγ immediately

P i = γPsat . (33)

This means that the irreversible polarization depends on the
relative polarizationγ alone,P i = P̂ i(γ )

The second internal variableγ represents the state of
relative polarization associated with a degree of alignment
of c-axes given byβ. Consequently,γ may assume values
between−β andβ. In the caseγ = β, all domains within
the 45◦ cone about thex3-axis are polarized in the positive
x3-direction whileγ = −βmeans the opposite. Ifγ = 0, the
fractions of domains in the 45◦ cones polarized in the positive
and negativex3-directions are equal, leading to a cancellation
of the resultant remanent polarization. Especially,γ = 0 in
the unpoled reference state.

In summary, we find thatβ and γ may take values
according to

06 |γ | 6 β 6 1. (34)

This means the microstructural parametersβ andγ are not
completely independent of each other and admissible internal
states are represented by the set

G = {(β, γ )|06 |γ | 6 β 6 1}. (35)

As shown in theβ–γ -plane in figure 3,G is a triangle with
its corners at (0, 0), (−1, 1), and (1, 1).
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Figure 3. The setG of admissible statesG forms a triangle with
its corners at(0, 0), (−1, 1) and(1, 1).

3.4. History-dependent piezoelectricity

It remains to specify the dependence of the coefficients in the
piezoelectricity relations (26) and (27) on the microstructural
parametersβ and γ . Clearly, the elastic and dielectric
response of a ferroelectric is influenced by its domain state.
This can easily be seen by comparing the elastic and dielectric
constants of a poled ceramic in the poling direction to
those obtained in the perpendicular direction. Since the
corresponding values differ by approximately 10%, we may
neglect the dependence of Youngs modulus and the dielectric
susceptibility constant on the microstructural parameters in
order to keep the model as simple as possible:

Ŷ (β, γ ) = Y = constant (36)

ε̂(β, γ ) = ε = constant. (37)

However, the situation is completely different for the
piezoelectric coefficientd̂. In the unpoled state the
phenomenon of piezoelectricity is not only modified
quantitatively, it is totally absent then:̂d = 0 if P i = 0.
In the poled state (P i = ±Psat ), the piezoelectric coefficient
reaches its maximum magnitude:d̂ = ±dsat . For simplicity,
we fit by a linear function

d̂(γ ) = dsatγ = dsat P
i

Psat
. (38)

We want to emphasize that with regard to the dependence
on the microstructural parameters of all the functional
relations, we tried to make the simplest choice which is still
physically reasonable in a qualitative manner. We did so,
since it is our primary goal to discuss the basic features of
our model in this paper.

3.5. Evolution equations for the internal variables

It is the defining feature of ferroelectric ceramics that their
domain state can be changed by switching the microdipole
of a unit cell by either an electric field or mechanical loads
of sufficient magnitude. These mechanisms are depicted in
figure 4. An electric field will try to give the microdipoles
its own orientation. Compressive mechanical stresses acting
in the direction of thec-axis of a unit cell will eventually
make it switch by 90◦, however, it cannot trigger a unique

Figure 4. Switching mechanisms in a tetragonal ferroelectric
ceramic.

orientation of the microdipole in the new state. We now
need to define evolution equations for our microstructural
parameters in such a way that the macroscopic consequences
of these mechanisms are described.

The starting point for the introduction of our evolution
equations is the Gibbs energyg from which the driving forces
fα are derived. Since the partgi has not been specified yet,
we now choose the following relation:

ρgi = − 1
2cβ(β − βref )2 − 1

2cγ γ
2 − IG(β, γ ). (39)

By introducing an appropriate functionIG(β, γ ), we have to
ensure that the microstructural parameters assume admissible
values from the setG = {(β, γ )|0 6 |γ | 6 β 6 1} only.
Further details concerning this function will be discussed in
the following sections.

The role of the two other terms ingi can be seen, if we
have a look at the driving forces resulting from this form of
the Gibbs energy. With the help of the functions (28), (31)
and (38) we find by applying the prescription (22)

fβ = Ssat

1− βref σ − cβ(β − βref )−
∂IG

∂β
(40)

fγ = PsatE + dsatσE − cγ γ − ∂IG
∂γ

(41)

for the driving forces. Of course, the primary contribution
to the driving forces stems from the mechanical stress and
from the electric field. Now, if we assume thatcβ andcγ
are non-negative constants, as we will do from now on, we
see that the corresponding terms reduce the magnitude of the
driving forces as the values of the microstructural parameters
grow. In this way, we represent the fact that the unpoled
state is most preferred and departing from the unpoled state
experiences an increasing resistance caused by the constraint
from neighbouring domains and grains.

In order to satisfy the Clausius–Duhem inequality in a
sufficient manner, we now choose

β̇ = 3fβ (42)

γ̇ = 3fγ (43)

as evolution equations for the internal variables. In
fulfillment of the requirement (23), the function

3 = 30〈
√
f 2
β + f 2

γ − PsatEc〉 (44)
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is non-negative (30 is the positive material constant,〈x〉 = x
if x > 0 and〈x〉 = 0 if x 6 0). According to the function
3, microstructure evolution takes place if the magnitude of
the total driving force reaches a critical valuePsatEc. This
threshold has been chosen such that starting from the unpoled
reference state (β = βref , γ = 0), the microstructural
parameters will not change under pure electric loadings as
long as the magnitude of the electric field remains below
the coercive fieldEc. This means that we have a range of
linear dielectric behavior for sufficiently small values of the
electric field. In order to have irreversible poling processes,
the coercive field has to be overcome. Starting from the
unpoled reference state, we find from the condition3 = 0
for thecoercive stressσc necessary to initiate mechanically
caused switching processes

σc = 1− βref
Ssat

PsatEc (45)

by equations (42) and (44).
Since the right-hand sides of the evolution equations (42)

and (43) are functions of the state variables only, the model
response shows rate effects. The choice of3 and especially
the constant30 influences this rate dependence. This can be
seen by introducing the material intrinsic time scale

τ = 30t (46)

yielding

β̇ = 30
dβ

dτ
(47)

γ̇ = 30
dγ

dτ
(48)

for the time derivatives of the internal variables. We see
that for large values of30, time-dependent processes in the
material take place very rapidly on the physical time scale
t . This means that we get a nearly spontaneous response
without rate effects for sufficiently large values of30. On the
other hand, if we choose small values for30, time processes
in the material are delayed with respect tot and we expect
a significant rate dependence of the model response. For
further discussions of these aspects we refer to the next
sections.

4. Discussion of an idealized formulation of the
model

Following Fŕemond (1989), we may choose forIG the
indicator function of the setG in order to enforce that the pair
of internal variables assumes only admissible values from this
set. The indicator function is defined by

IG(β, γ ) =
{

0 (β, γ ) ∈ G\∂G
∞ else

(49)

where ∂G is the boundary ofG. As a rough physical
interpretation, we may state that the indicator function
surrounds the set of admissible values of(β, γ ) by an
infinitely steep and infinitely high-energy barrier. As long
as (β, γ ) takes values in the interior ofG, there is no
contribution from the indicator function to the driving forces.

However, as soon as the(β, γ ) is situated on the boundary
of G, the contribution from the indicator function to the
driving forces will be such that no values outsideG can be
reached. We consider this step-like behavior to be induced
by the use of the indicator function as an idealized way to
enforce the constraints for physically admissible values of
the microstructural parameters.

Instead of using the mathematical formulation of
Frémond (1989) employing convex analysis, we adopt the
representation of the indicator function found in Saviet al
(1998). Introducing the functions

h1(β, γ ) = γ − β (50)

h2(β, γ ) = −γ − β (51)

h3(β, γ ) = β − 1 (52)

the setG may be represented equivalently by

G = {(β, γ )|hi(β, γ ) 6 0, i = 1, 2, 3}. (53)

The indicator function may then be written as

IG(β, γ ) = −λ1h1− λ2h2 − λ3h3. (54)

Adopting for the remainder of this paper the approximate
valueβref = 1

3, this yields the evolution equations

β̇ = 3( 3
2Ssatσ − cβ(β − 1

3) + λ1 + λ2 − λ3) (55)

γ̇ = 3(PsatE + dsatσE − cγ γ − λ1 + λ2). (56)

Here, the multipliersλi satisfy the Kuhn–Tucker conditions

hi 6 0 λi > 0 Hiλi 6 0 i = 1, 2, 3. (57)

It might be interesting to shed some light on the role of the
λ-terms in the driving forces. For values of microstructural
parameters from the interior ofG, i.e. (β, γ ) ∈ G\∂G, we
find hi < 0, i = 1, 2, 3. According to the Kuhn–Tucker
conditions (57), the driving forces are then given by the
‘regular’ parts

fβ = fβreg = 3
2Ssatσ − cβ(β − 1

3) (58)

fγ = fγ reg = PsatE + dsatσE − cγ γ. (59)

Now, let us assume that(β, γ ) is on the boundaryβ = γ of
G, i.e.h1 = 1. If at this state

dh1(β, γ )

dt

∣∣∣∣
fβ=fβreg,fγ=fγ reg

> 0 (60)

the multiplierλ1 > 0 has to be chosen according to the Kuhn–
Tucker conditions (57) such that the pair(β, γ ) does not get
outside the set of admissible values, i.e.h1(β, γ ) 6> 0. From
the consistency condition

dh1(β, γ )

dt

∣∣∣∣
fβ=fβreg+λ1,fγ=fγ reg−λ1

= 0 (61)

we find
λ1 = 1

2(−fβreg + fγ reg). (62)
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Table 1. Values of the classical ferroelectric material constants
chosen for the numerical calculations in this paper.

ε mC kV m−1 0.05 Y GPa 100
dsat mm kV−1 0.001 Ssat % 0.3
Ec kV mm−1 1.0 Psat mC m−2 300

Consequently, the evolution equations are given by

β̇ = 3 1
2(fβreg + fγ reg) (63)

γ̇ = 3 1
2(fβreg + fγ reg) (64)

in this situation. Obviously,β̇/γ̇ = 1 now, meaning
that the termλ1 corrects the driving forces such that the
state(β, γ ) may move along the boundaryH1 = 1 of G
but cannot get outside. Instead of going further with the
mathematical details of this particular aspect of our model, we
now turn to discuss the physical significance of the model by
considering its response to characteristic electromechanical
loading paths.

While the physical meaning of most of the material
constants in our model is clear, this is not so obvious for
some of them. In particular the piezoelectric constants as
well as the coercive field, the saturation polarization and the
saturation strain can be measured by standardized methods.
For the remainder of this paper we choose their values
according to table 1 in a way that they are characteristic of
typical ferroelectric ceramics without representing a single
composition precisely. The other parameters, i.e.30, cβ
and cγ which are typical of our model are varied in the
calculations in order to demonstrate their role.

4.1. Poling and electrical cycling

Probably the most commonly investigated type of loading
of ferroelectric ceramics is poling and cycling by strong
electric fields. Under these loadings, the typical dielectric
hysteresis and the butterfly hysteresis occur. We consider
electric cycling with an amplitude of twice the coercive field,
i.e. 2.0 kV mm−1 .

4.1.1. Rate-independent response for zero values ofcβ
and cγ . To begin with we are interested in the spontaneous
model response for zero values ofcβ and cγ . This
investigation is to make us familiar with the basic features
of our model before we get into any refinement of the model
response by choosing more realistic values for the material
parameterscβ , cγ , and30. In the first step we consider
the dielectric hysteresis in figure 5(a) and the corresponding
trajectory of (β, γ ) in figure 5(b). The polarization is
computed according to the additive decomposition (25) and
the relations (27) and (33) for the reversible and irreversible
parts, respectively

P = εE + Psatγ . (65)

As long as the electric field is below the coercive
field of 1.0 kV mm−1, we observe in figure 5(a) a linear
dielectric response where the slope is given by the dielectric
susceptibility constantε. (β, γ ) remain at their initial values

(a)

(b)

Figure 5. Model response to a cyclic electric field (saw tooth
shape) of±2.0 kV mm−1 amplitude for zerocβ andcγ . 30 was
chosen large in order to get a spontaneous model response:
(a) dielectric hysteresis; (b)β–γ plane.

( 1
3, 0). At E = Ec, 3 becomes non-zero and the growth of

the internal variables starts. In figure 5(b) we observe that
γ starts to grow whileβ remains at its initial value since
the driving forcefβ is still zero. Because30 has been
given a large value in order to yield a spontaneous model
response, the growth ofγ is very rapid. (For values above
30 = 2.0×10−2 s−1 kPa−2, the model response showed no
rate effects.) This can be seen from the step like increase of
the polarization to a value of 171 mC m−2 in figure 5(a) due
to the corresponding increase ofP i related by equation (33).

According to the microscopic interpretation of the
microstructural parameters, the model response in this period
of the loading history may be considered as representing pure
180◦ switching processes. The state of thec-axes described
by β remains constant while the relative polarization, i.e.
the orientation of the microdipoles changes. Atγ = 1

3 all
microdipoles within the 45◦ cones about the axis of poling are
oriented in the direction of the electric field and the reservoir
for pure 180◦ switching is gone.

At (β, γ ) = (0, 1
3), the boundary∂G of admissible

values for the internal variables is reached, indicated by
H1 = 0. Due to the electric field, the driving forcefγ reg
continues growing. However, a further increase ofγ is only
admissible if it is compensated for by a corresponding growth
of β. In fact, as we have seen in the discussion prior to
this subsection, the indicator functionIG(β, γ ) defined in
equation (54) provides corrective terms to the driving forces.

At the incident of their occurrence, these correction

terms cause a drop of the magnitude
√
f 2
β + f 2

γ of the total
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driving force, resulting in
√
f 2
β + f 2

γ < PsatEc. Therefore,

the evolution of the internal variables stops and changes of

P are linear withε as the slope, until
√
f 2
β + f 2

γ reaches the

critical valuePsatEc again due to the continued growth of the
electric field.

This pause in the evolution of the microstructural
parameters can be associated readily to the higher energy
level needed to initiate 90◦ switching processes compared to
180◦ switching during the first polarization process of the
initially unpoled material: as we have seen before, further
polarization switching beyond the state(β, γ ) = (0, 1

3) is
possible only, if accompanied by changes ofβ representing
the state of thec-axes. However, in its microscopic
interpretation, such a change means 90◦ switching. Because
90◦ switching causes a strain mismatch in the crystal
lattice structure, in addition to an electric mismatch, the
neighbourhood of the unit cells to be switched acts as resisting
constraint and a higher energy level is needed compared to
180◦ switching.

Once the critical load for further irreversible evolution
is reached again atE = 1.4 kV mm−1, (β, γ ) attain
spontaneously their limiting values(1, 1). According to
equation (33),P i jumps to the valuePsat yielding the second
step observed in the dielectric hysteresis in figure 5(a).

At the value(1, 1), our microscopic parameters represent
a state where allc-axes are situated within the 45◦ cone about
the axis of poling (β = 1), with all microdipoles oriented to
the positivex3-axis which is the current orientation of the
electric field (γ = +1). In its microscopic interpretation, this
is the fully poled state. This fully poled state provides no
further reservoir of switchable domains for ongoing poling
in the same direction as before even if the electric field keeps
on increasing.

This is reflected by the fact that the pair(1, 1) is the
outermost corner of the triangleG of admissible values of
(β, γ ), see figure 3. Any further increase of the electric field
is offset by correction terms due to the indicator function
IG leading to vanishing driving forces. A microscopic
interpretation of this behavior is that the domain structure
after having been fully switched exhibits resistance needed
to prevent any further switching. This resistance annihilates
the agitation by the electric field.

The increase ofP is now linear again, withε as the
slope. Note that due to our isotropy assumption forε, i.e. its
independence of the microstructural parameters, the slopes
of the unpoled and the fully poled portions of the dielectric
curve in figure 5(a) are equal.

Before we continue the discussion of the dielectric
properties, we now consider the poling part of the butterfly
hysteresis in figure 6, i.e. the strain induced by a poling
electric field. It can be calculated by the additive
decomposition (24) and the relations (26) and (31) for the
reversible and irreversible parts, respectively, yielding

S = dsatγE + 3
2Ssat (β − 1

3) (66)

if we chooseβref = 1
3 andd̂ according to (38).

Starting from the thermally depoled reference state, there
is no electromechanical coupling in the macroscopic ceramic.

Figure 6. Butterfly hysteresis corresponding to the curves in
figure 5.

As soon as the coercive field is reached, we observe a small
jump in the induced strain corresponding to the first jump of
P atE = Ec in the dielectric plot, figure 5. This strain cannot
be associated with 90◦ switching sinceβ remains at its initial
value1

3 thus far. Rather, this strain is due to the piezoelectric
effect caused by a net polarization induced by 180◦ switching
and the acting electric field. The step-like character of the
strain evolution is connected to the spontaneous growth ofγ .

During the following pause of the evolution of the
internal variables, the strain varies linearly with the electric
field. The slope is given by the current valuedsat 1

3 of the
piezoelectric coefficient ofE in the first term of equation (66).
This means that the piezoelectric effect is already present to
a certain extent in this partially poled state.

As soon as the barrier for 90◦ switching is overcome
at E = 1.4 kV mm−1, β andγ increase spontaneously to
their limiting value one, as discussed before. According to
equation (66) this leads to a related jump ofS due to both
its piezoelectric and irreversible parts. This second jump is
larger then the first because of the impact of 90◦ switching on
the irreversible strain. From then on, we have a pure linear
piezoelectric response of the fully poled state.

We now return to the dielectric hysteresis in figure 5(a).
After the electric field has reached its maximum value of
2.0 kV mm−1, it is first reduced to zero and then reversed
to −2.0 kV mm−1. During unloading, we observe a linear
dielectric model response. AtE = 0 kV mm−1, we read
an irreversible, i.e. remanent polarization ofP = Psat =
300 mC m−2 from the plot in figure 5(a).

At E = −1 kV mm−1, 3 reaches its critical value and
the internal variables may be subject to change again, this
time starting from(1, 1). The electric field and thus the
driving forcefγ = fγ reg act now in the negativex3-direction
while fβ = fβreg vanishes. Consequently, the total driving
force (fβ, fγ ) = (fβreg, fγ reg) points along the border of
G, but not to its exterior and because of this, no correction
by additional terms due to the indicator functionIG will
occur. γ changes spontaneously from +1 to−1, whileβ is
constant, since its driving force is zero during this period, see
figure 5(b). At(β, γ ) = (1,−1), the boundary∂G is reached
again and because the total driving force(fβreg, fγ reg) now
points to the exterior ofG, the indicator function kicks in
to maintain the internal variables in the range of admissible
values, i.e. at(1,−1). Due to the change ofγ from 1 to
−1, we observe a complete reversal of the polarization to
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second fully poled state. After unloading we find a remanent
polarization ofP = −Psat = −300 mC m−2

In its microscopic interpretation, this polarization
reversal is related to pure 180◦ switching without 90◦

switching: The fact thatβ is constant at a value of one means
that allc-axes remain within the 45◦ cones about the axis of
loading. The change ofγ alone has to be associated with
a pure reorientation of the microdipoles within these cones
from the old to the new direction of the electric field. This
interpretation is consistent with the absence of a pause of the
evolution of the internal variables like that observed during
the poling process starting from the depoled reference state
( 1

3, 0). Starting from the fully poled state, all domains can
switch to the new orientation of the electric field in one step by
180◦. There is no need to assume energetically less favorable
intermediate states by 90◦ switching.

Looking at the butterfly hysteresis in figure 6, we observe
during unloading a linear piezoelectric response leaving a
remanent strain ofS = Ssat = 0.3%. The spontaneous
process of repoling finds its expression in the observation of
a jump in the induced strain atE = −1.0 kV mm−1. At this
instant, the piezoelectric coefficient in equation (66) changes
its sign and the piezoelectric strain instead of being subtracted
from Ssat , is now added to it. A second piezoelectric
range with opposite sign but otherwise equivalent behavior
is reached. No change at all occurs in the second term of
equation (66) sinceβ is constant.

From a microscopic point of view it is clear that pure 180◦

switching causes no change of the remanent strain. Only the
strain induced by an electric field via the piezoelectric effect
is affected due to the reversal of the net polarization. The
piezoelectric strain changes its sign.

4.1.2. Discussion ofcβ and cγ . The step-like switching
behavior in figure 5 is usually attributed to single crystals
where no neighborhood of misoriented grains constrains
the simultaneous switching of all microdipoles. However,
in a polycrystalline and multidomain ceramic composed
of numerous misoriented grains and containing defects
this idealized kind of behavior is not observed. Rather,
the polarization grows steadily as the electric field has to
overcome gradually the increasing resistance of the lattice
structure of the ceramic against the progressive ordering
during poling.

In order to represent this internal resistance of the
microstructure, we have introduced a limiting term in each
of the driving forcesfβ andfγ in equations (40) and (41),
respectively. Due to this term, a counter-force proportional to
the value of the corresponding internal variable itself is built
up as it departs from its initial value in the reference state.
The factors of proportionality of these terms are denoted by
cβ andcγ , respectively.

To begin with we consider the influence ofcγ on the
model response by choosingcγ = 30.0 mC m−2 kV mm−1,
and leavingcβ = 0.0 kPa. Figures 7(a) and (b) show
the resulting dielectric hysteresis and butterfly hysteresis,
respectively. The path of microstructural evolution in the
β–γ plane is not shown, since it is exactly the same as
in figure 5(b). As the main difference we now observe in
the dielectric plot a finite slope of the polarization over the

(a)

(b)

Figure 7. Model response to a cycling electric field for
cβ = 0.0 kPa andcγ = 30.0 mC m−2 kV mm−1: (a) dielectric
hysteresis; (b) butterfly hysteresis.

electric field during poling. Furthermore, the magnitude of
the critical value of the electric field for repoling at reversal
of the electric field is reduced belowEc. Otherwise, the basic
features of the hysteresis are the same as before.

Likewise, we recognize finite slopes in the butterfly
hysteresis during poling too. The curvature of the plot during
poling is due to the fact that both the piezoelectric coefficient
and the electric field in the first term of the strain relation (66)
change in these periods.

Next, we study the role ofcβ by takingcβ = 100.0 kPa
andcγ = 0.0 mC m−2 kV mm−1. Since the counter-force
term infγ is not active now, we observe during the first period
of 180◦ switching the same spontaneous poling behavior as
in figure 5(a). In the second period of poling, which is
accompanied by 90◦ switching,β departs from its starting
value and thus the counter-force term infβ is activated. As
a result we find a finite slope of the polarization over the
electric field now.

The most significant difference with respect to the
previous behavior, however, is observed during the reversal
of the electric field in figure 8(b). In contrast to the situations
considered before,fβreg = −cβ(β − 1

3) now causes a partial
reduction ofβ until the boundary ofG is hit again due to
|γ | = β. Then, the indicator functionIG dominatesfβ once
more and a further change ofγ is compensated for by an
increase ofβ, such that(β, γ ) take only admissible values.
As a result of this intermediate decrease ofβ followed by a
newly increase asγ changes from one fully poled state to the
other, theβ–γ curve exhibits a butterfly-like shape.

This partial recovery ofβ during field reversal can be
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(a)

(b)

Figure 8. Model response to a cycling electric field for
cβ = 100.0 kPa andcγ = 0.0 mC m−2 kV mm−1: (a) dielectric
hysteresis; (b)β–γ plane.

interpreted microscopically as the back switching of such 90◦

domains that have been forced to align with the axis of loading
only by very high fields against a resisting neighborhood. As
the electric field is reversed, these domains are driven back to
their original 90◦ state by the constraint due to the mismatch
of neighboring grains and domains, before they are oriented
in the new direction of the electric field by a second step of
90◦ switching.

Consequently, the response during repoling is different
compared to the previous cases, since now both 180◦ and 90◦

switching processes occur. After reachingE = −Ec, the
polarization changes by a severe jump similar to the one in
figure 5(a) due to a sudden increase ofγ . However, this time
the boundary ofG, i.e.|γ | = β, is reached before the magni-
tude ofγ takes its saturation value of one, see figure 8(b). The
indicator functionIG is activated to modify the driving forces
such that only admissible values of the internal variables oc-

cur. Due to this modification of the driving forces
√
f 2
β + f 2

γ

drops below its critical valuePsatEc and just as during the
first poling from the reference state, the evolution of the inter-
nal variables experiences a pause. Again, this pause might be
interpreted microscopically as the need to overcome a higher
energy barrier related to 90◦ switching. The critical value
for the second onset of poling is reached as the first polar-
ization curve is met. (This can be observed during repoling
fromE = −2.0 kV mm−1 toE = 2.0 kV mm−1.) Since the
recovery ofβ during repoling stops well above the reference
value, the second step of 90◦ switching is smaller than the
one during poling from the reference state.

Figure 9. Butterfly hysteresis forcβ = 100.0 kPa and
cγ = 0.0 mC m−2 kV mm−1

Now β is no longer constant during repoling and
because of this the irreversible strainSi in the second
term of equation (66) changes as well as the piezoelectric
term. This is of course consistent with the microscopic
interpretation relatingβ to 90◦ domains. In fact, we obtain the
significantly modified butterfly hysteresis shown in figure 9.
The difference with respect to figure 6 occurs during the first
polarization and during repoling. In the second step of the
first polarization curve representing 90◦ switching, we now
observe a finite slope of the strain over the electric field.
After the reversed electric field has passed the critical value
Ec, the switching ofγ stops at|γ | = β as discussed before.
During the following pause of the internal variables, we have
a pure linear piezoelectric changing of the strain. The slope is
smaller than in the fully poled state sinceγ in the piezoelectric
coefficient is below its saturation value of one. As the first
polarization curve is met, the second step of 90◦ poling takes
place until a fully poled state (γ = 1) with linear piezoelectric
behavior is reached.

In figure 10, we see the combined effect of non-zero
values forcβ andcγ (theβ–γ plane has not been reproduced,
since it is identical to the one shown in figure 9(b)). Basically,
these curves exhibit the superposed effects discussed above
for the two special cases. All in all, we recognize clearly
a more realistic model response due to the presence of
counter-force terms in the driving forces. Their microscopic
motivation was given at the beginning of this section.

4.1.3. Rate dependence. It is well known that
ferroelectric ceramics exhibit significant rate-dependence
effects. Especially in the case of so-called hard-PZT, the
diffusion of ions gives rise to typical time constants for the
electromechanical properties of the ceramic. Because of this,
the change of the macroscopic properties of the ceramic
due to a change of the external loads is not completely
spontaneous. Rather, at least part of the material response
is delayed leading to relaxation phenomena.

Until now, we have chosen30 > 2.0× 10−2 s−1 kPa−2

in order to obtain a spontaneous model response.
Figure 11 shows the model response computed for30 =
1.0 × 10−3 s−1 kPa−2 (cβ = 100.0 kPa, cγ =
30.0 mC m−2 kV mm−1). The hystereses now have a more
curved appearance. Compared to the corresponding curves
in figure 10, it takes larger magnitudes of the electric field to
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(a)

(b)

Figure 10. Model response to a cycling electric field for
cβ = 100.0 kPa andcγ = 30.0 mC m−2 kV mm−1: (a) dielectric
hysteresis; (b) butterfly hysteresis.

yield the same polarization value. Especially, as the electric
field reaches the peak value +2.0 kV mm−1 for the first time,
the fully poled stateγ = 1 has not yet been assumed. The
polarization growth is finished during the very first period of
the reduction of the electric field.

Similar to equation (46), we may introduce a material
intrinsic time scale by

τ = 3t. (67)

From this definition, we recognize the highly nonlinear rate
dependence of our model. Besides the material constant
30, the relaxation times depend on the current values of
the driving forces. However, as we have seen, the basic
properties of our model are determined by its spontaneous
behavior. Therefore we focus on the investigation of
spontaneous properties in the remainder of this paper and
will not go into a further discussion of its rate dependence.

4.2. Spontaneous response to mechanical
compression–tension loading

Another common experiment for the macroscopical investi-
gation of ferroelectric ceramics involves the mechanical com-
pression of samples of brick-like geometry. We consider here
a complete loading cycle of initial compression loading, fol-
lowed by unloading and tensile reloading. The loading cycle
is closed by a final compression loading. The amplitude of
the prescribed stress is 100 MPa. The material parameters
were chosen according to table 1. Furthermore, we took

(a)

(b)

Figure 11. Rate effects in the model response for
30 > 1.0× 10−3 s−1 kPa−2: (a) Dielectric hysteresis; (b) Butterfly
hysteresis.

cβ = 100.0 kPa,cγ = 30.0 mC m−2 kV mm−1 and a suffi-
ciently large value for30 in order to get a rate-independent
model response.

As we have seen before, domain switching in
ferroelectric ceramics may also be induced by mechanical
stresses. Since mechanical stresses cannot trigger a unique
orientation of the microdipoles, they cannot lead to a net
polarization of an initially unpoled sample. The sample
will remain unpoled even if the domain structure is changed
dramatically and thus it will exhibit no electromechanical
coupling effects.

Starting from an unpoled state,γ will vanish identically
under pure mechanical loadings, since the driving forcefγ
is zero in this case, thus reflecting the above mentioned
electromechanically decoupled behavior. The strain is
computed from the additive decomposition (24) and the
relations (26) and (31) for the reversible and irreversible parts,
respectively, yielding for the present situation (βref = 1

3)

S = 1

Y
σ +

2

3
Ssat

(
β − 1

3

)
. (68)

The ferroelastic hysteresis of the stress–strain behavior
resulting from our loading history is shown in figure 12(a)
and the corresponding history ofβ is plotted in figure 12(b).
Probably the most significant feature of the curves in figure 12
is their lack of symmetry.

At the beginning of the compression loading we see in
figure 12(a) a linear elastic response, until the stress reaches
the critical value

σ = −σc = −66.6 MPa (69)
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(a)

(b)

Figure 12. Model response to pure mechanical loading:
(a) Ferroelastic hysteresis; (b)β as a function oft .

determined by equation (45). Starting from this point, we
observe irreversible ferroelastic deformation asβ is reduced
from its initial value1

3 to zero, see figure 12(b). The tangent
modulus, i.e. the slope of the stress–strain curve in this period
depends on the value ofcβ . In particular, a zero value ofcβ
would give a vanishing tangent modulus.

At β = 0 the boundary of the set of admissible values
for the internal variables is reached, see figure 3. Since(0, 0)
happens to be the corner of the triangleG corresponding to
the smallest value allowed forβ, its evolution is stopped by
the indicator functionIG even thoughfβreg is still increasing.
In its microscopic interpretation the state(β, γ ) = (0, 0)
corresponds to a situation where noc-axes are left in the 45◦

cones about the axis of loading (β = 0), i.e. allc-axes are
situated as close as possible to a plane perpendicular to the
stress with no net polarization (γ = 0).

At this state a second region of linear elastic behavior is
reached. The slope of this region is the same as the initial
slope, since we have assumed that Young’s modulusY is
independent of the microstructural parameters in a similar
manner as we did forε. After unloading, we recognize a
remanent strain of

S = Si = − 1
2Ssat = −0.15. (70)

Now, as a tensile stress is applied, eventually irreversible
deformation starts again.β grows from zero to one, passing
its initial value 1

3 atσ = σc. At β = 1, the boundary ofG is
reached andβ cannot grow further. This time the magnitude
of the maximum irreversible deformation is much larger as
we see after linear elastic unloading. In fact, we get

S = Si = Ssat = 0.3% (71)

(a)

(b)

Figure 13. Mechanical depolarization of a fully poled state:
(a) polarization against stress; (b)β–γ plane.

now. This lack of symmetry of the ferroelastic hysteresis is in
accordance with microscopic considerations. In a tetragonal
ceramic starting from an unpoled state, the reservoir of
domains switchable towards the axis of loading is about twice
as large as the reservoir of domains switchable perpendicular
to it. It must be noted though that under tensile stresses
a completely switched state is usually not attainable as
specimens have the tendency to fail earlier than under
compressive stresses (see Fettet al 1998).

4.3. Mechanical depolarization

A critical property for the application of piezoceramics in
heavily loaded actuators is the mechanical depolarization
behavior of the material. If a prepoled sample is loaded
by strong compressive stresses in the direction of poling,
domain switching will start. However, as mentioned before,
mechanical stresses cannot trigger a unique orientation of
the switched microdipoles and the net polarization of the
sample is lost gradually as switching carries on. Loss of net
polarization goes along with loss of piezoelectricity, making
the ceramic useless for electromechanical applications until
it is poled again.

Figure 13 shows the reproduction of these experimental
findings by our model. The material parameters were given
the same values as before. The loading history consists
of electrical poling by raising the electric field from zero
to 2.0 kV mm−1. After removing the electric field, a
compressive mechanical stress up to−200.0 MPa is applied.

The poling process has already been discussed in detail
in section 4.1, see figure 5. We recognize its effect from the
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Figure 14. Stressσ at the onset of depolarization for different
values of a bias electric fieldE.

horizontal line in figure 13(a). At the peak value of the electric
field, a polarization of over 400 mC m−2 is reached. Upon
removing the electric field, only the remanent polarization of
300 mC m−2 remains. This fully poled state is attained by
180◦ and 90◦ switching and is represented by(β, γ ) = (1, 1),
see figure 13(b).

Now, as the compressive stress is applied, we observe a
linear piezoelectric response in figure 13(a) departing from
P = Psat . Eventually, the stress reaches a limit where√
f 2
β + f 2

γ becomes equal toPsatEc and the evolution of

the internal variables is activated. Starting from(1, 1), the
driving force(fβreg, fγ reg) points to the exterior of the set
G of admissible values of(β, γ ), sincefβreg is negative and
fγ reg vanishes. Therefore, the reduction ofβ caused by the
mechanical stress in the driving force (40) is compensated
by a corresponding reduction ofγ due to the indicator
functionIG, in order to ensure that the internal variables take
admissible values. In this way,γ is reduced to zero together
with β following the border∂G from (1, 1) to (0, 0). The
depoled state(β, γ ) = (0, 0) has already been discussed in
the previous section. According to equation (38) it exhibits
no piezoelectric coupling.

It is interesting to consider the influence of a bias
electric field on the stress level necessary for the onset
of depolarization. A field with the same orientation as
the polarization stabilizes the domain structure and makes
a higher critical stress necessary for depolarization. On
the other hand, an electric field oriented opposite to the
polarization will lead to an early onset of depolarization
even if it is too weak to cause domain switching by itself.
According to Scḧaufele and Ḧardtl (1996), the dependence
of the critical stress for depolarization on a bias field acting
during the application of the compressive load is linear. From
the values plotted in figure 14 we find a linear dependence of
this stress on the bias field for our model as well. Note that the
depolarizations stressσ = −σc = −66.6 MPa corresponds
to the case of a zero bias field.

4.4. Electric cycling under bias mechanical compression

We now consider electric cycling under a compressive
bias stress acting in the direction of the field. Such a
bias stress gives rise to an external constraint for domain
switching: the tendency of the electric field to align the
c-axes of the unit cells with its own direction is counteracted

(a)

(b)

Figure 15. Electric cycling under a compressive bias stress:
(a) dielectric hysteresis; (b) butterfly hysteresis.

by the compressive stress. For sufficiently large stresses,
electrically initiated switching may even be suppressed
completely. For interesting experimental investigations on
this matter see Lynch (1996).

In order to investigate the response of our model to this
situation, we consider the following loading history. After
applying a compressive stress of−40 MPa at zero field, the
electric field is cycled at an amplitude of±3.0 kV mm−1

with the stress still acting. The material parameters were
chosen according to table 1, and we tookcβ = 100.0 kPa,
cγ = 30.0 mC m−2 kV mm−1. The corresponding curves
are shown in figure 15. Compared to Figures 5(a) and 6,
these hysteresis look qualitatively different.

From figure 15(a) we see that the first poling is initiated
before the coercive field has been reached. Due to the
presence of a mechanical stress infβ , it takes a smaller field

strength for
√
f 2
β + f 2

γ to attain its critical value. It is the total

energy of the external loads that has to overcome a threshold
in order to initiate irreversible processes. During poling, we
do not reach a fully poled state even forE = 3.0 kV mm−1.
Consequently, we find a remanent polarization of only
200 mC m−2 after unloading. Furthermore, the second step of
poling attributed to 90◦ switching has gained significantly in
size and it takes much higher field magnitudes to initiate this
step of poling. In fact, the field strength of 2.0 kV mm−1

considered in the previous sections would not have been
sufficient to induce any 90◦ switching at all.

The impact of the bias stress on the butterfly hysteresis
is even more significant. First, the application of the bias
stress gives rise to a linear elastic predeformation of−0.04%.
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(a)

(b)

Figure 16. Electromechanical loading history: (a) electric fieldE
against timet ; (b) stressσ against timet .

Next, as the evolution of irreversible processes is initiated,
we observe a small drop of the strain until the irreversible
changing is paused again. As the energy level for switching
is overcome, we do have a slight increase inγ , i.e. some 180◦

switching, causing an increase of the polarization observed
in figure 15(a). But at the same time, the compressive stress
in the driving forcefβ leads to a reduction ofβ and thus
to the observed corresponding drop of the irreversible strain.
This can be associated with 90◦ switching giving way for the
bias stress. During the pause of the evolution of the internal
variables, we see a linear piezoelectric changing of the strain.
The slight positive slope of this part of the curve confirms that
a certain degree of net polarization already exists at this stage.

At the end of the pause, the electric field is strong enough
to lead to 90◦ switching against the bias stress and poling
as well as irreversible deformation are observed. However,
as mentioned before, a fully poled state cannot be reached
and thus the remanent strain after unloading is considerably
smaller then the saturation strainSsat .

During reversing the field, the strain drops significantly
below zero, indicating values ofβ close to zero. This
may be interpreted as most of the domains assuming a 90◦

intermediate state to give way for the bias stress before
the reversed field has become strong enough to align them
again with the poling axis. In the pause before the repoling
starts, we observe a small slope of theE–S curve. From
this piezoelectric behavior we conclude that a weak net
polarization in the new direction of the electric field is already
present.

In concluding this section we mention that according
to further example calculations our model yields a total

(a)

(b)

Figure 17. Model response: (a) polarizationP against electric
fieldE; (b) strainS against electric fieldE.

suppression of any poling for bias stresses of sufficient
strength.

4.5. Discussion of a more complex electromechanical
loading path

It might be interesting to validate the physical significance
of our model for a more complicated non-standard loading
history. In this sense, we now discuss the model response
to loading history shown in figure 16. It is divided in five
steps. The electric field is raised to 3Ec in the first step
ending att = 3 s and kept constant in the second step, during
which a strong compressive stress is applied. Att = 11 s
a stress of−400 MPa is reached. In the third step lasting
until t = 12.5 s, the mechanical stress is constant and the
electric field is reduced to 1.5Ec. It remains at this value
in the fourth step, while the mechanical stress is completely
removed. Finally, fromt = 20.5 s tot = 22 s, the electric
field is reduced to zero in the fifth step. The material constants
were chosen as in the previous section.

In the first step ending atE = 3.0 kV mm−1, we observe
a poling process, see figure 17(a), i.e. a rapid increase of
the polarization once the coercive field is overcome, until
the remanent polarization reaches its saturation value and
further polarization changes are reversible. The reversible
and irreversible straining associated with the poling process
can be seen in figure 17(b). These parts of the curves are
already known from the previous sections.

In the second step, mechanical depolarization takes
place. From figure 18(b) we see that the polarization is
reduced under the action of a strong compressive load. First,
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(a)

(b)

Figure 18. Model response: (a) stressσ against strainS;
(b) polarizationP against stressσ .

we observe linear piezoelectric changing but for stresses
close to−180 MPa, a rapid decrease of the polarization
starts. As we have seen before, such a depolarization
process due to 90◦ switching is represented byβ andγ being
reduced to zero. For stresses below−190 MPa, a completely
depolarized state is reached and from figure 17(a) we see
that the remaining polarization is merely the linear dielectric
contribution associated with the electric field by the dielectric
constantε. For compressive stress in this range there are no
further changes in polarization, thereby confirming the loss
of piezoelectricity and thus of net polarization. Figure 18(a)
shows the deformation accompanying the depolarization. For
stresses below−190 MPa, the completely depolarized state
exhibits a linear elastic behavior.

The third step of reduction of the electric field leads
to a linear dielectric reduction of the polarization, see
figures 17(a) and 18(a). In figure 17(b), we see that the
strain is constant during the reduction of the electric field,
indicating once more the absence of piezoelectric coupling.

In the fourth step, the mechanical stress is removed until
t = 20.5 s. However, the electric field is still above the co-
ercive field. Because of this repoling takes place as the com-
pressive stress is released and thus the microstructural param-
etersβ andγ recover. Consequently, the polarization grows
again just until it reaches the corresponding value of the first
polarization curve in figure 17(a). Furthermore, we have an
associated recovery of the irreversible strain, see figure 18(b).

Finally, upon removing in step five the electric field,
the polarization and the strain are reduced to their current
remanent values. From the non-zero slope of the strain over
the electric field in this period observed in figure 17(b), we

(a)

(b)

Figure 19. Model response for the modified choice ofIG:
(a) dielectric hysteresis; (b)β–γ plane.

conclude a limited recovery of the piezoelectricity due to the
recovery of the net irreversible polarization.

5. Discussion of a more realistic formulation of the
model

The model formulation discussed until now was based on an
idealized enforcement of the range of admissible values for
the internal variables. In particular, this formulation leads
to a step-like representation of the transition from 180◦ to
90◦ switching with an intermediate pause of the evolution of
the internal variables. However, in a polycrystalline ceramic
we rather expect a continuous transition from a behavior
dominated by 180◦ switching to a behavior dominated by
90◦ switching. This transition takes place at different instants
of the loading history in different grains and domains rather
than at one instant everywhere in the ceramic. Beyond a
certain level of the load, the number of domains undergoing
the transition will gradually increase, reach a maximum, and
finally die out as the transition processes are complete.

The description of the transition from 180◦ to 90◦

switching depends on the choice of the functionIG. Taking
IG to be the indicator function of the setG of admissible
values for the microstructural parameters could be interpreted
as surrounding this set with infinitely steep and infinitely
high-energy barriers. This means that even for states(β, γ )

very close to the boundary∂G, no information about the
existence of the near transition of the switching types was
available in advance.

A more realistic description of the transition from 180◦

to 90◦ switching can be achieved by modifying the choice of
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the funcionsHi . In this sense, we now define

H1(β, γ ) = (γ − β)−(2n+1) (72)

H2(β, γ ) = (−γ − β)−(2n+1) (73)

H3(β, γ ) = (β − 1)−(2n+1) (74)

wheren is a non-negative integer. The interior of the setG

is then represented by

G\∂G = {(β, γ )|0< Hi(β, γ ) <∞, i = 1, 2, 3}. (75)

The functionIG may then be defined as

IG(β, γ ) = α1H1 + α2H2 + α3H3 (76)

whereαi > 0 are material constants. This choice ofIG can be
considered to surroundG with infinite high-energy barriers,
but they have a finite and increasingly larger slope as∂G

is approached from the interior ofG. The steepness of this
walls is controlled byn.

According to the prescriptions (40) and (41), we now
find

fβ = 3
2Ssatσ − cβ(β − 1

3)−
α1(2n + 1)

(γ − β)(2n+2)

+
α2(2n + 1)

(−γ − β)(2n+2)
(77)

fγ = PsatE + dsatσE − cγ γ +
α1(2n + 1)

(γ − β)(2n+2)

+
α2(2n + 1)

(−γ − β)(2n+2)
− α3(2n + 1)

(β − 1)(2n+2)
(78)

for the driving forces. In contrast to the previous formulation,
the correction terms due toIG are now always present. They
induce an increasing counter-force as the boundary∂G is
approached from the interior ofIG. The influence of these
counter forces is balanced byαi . In this sense we now may
say that the state is provided with the information about the
closeness to the boundary∂G.

5.1. Representation of the hystereses

In this section we will have a look at the hystereses resulting
from the modified model. We adopt the values of table 1
for the material parameters together withcβ = 100 kPa
and cγ = 50 mC m−2 kV mm−1. In order to check the
basic properties of our model, we realized a rate-independent
model response by30 = 2.0× 10−3 s−1 kPa−2. In IG, we
tookn = 1,α3 = 0.1 andα1 = α2 = α32−(2n+2).

We start with electric cycling at an amplitude of
2.0 kV mm−1 . The dielectric hysteresis in figure 19(a)
now has a much more realistic appearance. Since the
saturation states at the boundary ofG can be reached only
asymptotically, we observe the typically curved transition
into saturated behavior known from experiments.

In figure 19(b) we observe a first period that may be
associated with pure 180◦ switching. However, as the
state (β, γ ) approaches the boundary∂G, the corrective
contribution to (fβ, fγ ) originating fromH1 in IG gains
influence deflecting the path of(β, γ )such that it runs parallel
to ∂G. As before, this part of the model response can be
associated with the 90◦ switching processes. As the state now

(a)

(b)

Figure 20. Strain computation according to the modified model:
(a) butterfly hysteresis during electric cycling; (b) ferroelastic
hysteresis during mechanical cycling.

approaches values withβ = 1, the corrective contribution
to (fβ, fγ ) caused byH3 in IG becomes important too, and
eventually these corrective terms cancel out the external loads
gradually stopping the evolution of the internal variables
near the upper right corner ofG. In its microstructural
interpretation, this is a state of saturated polarization where
the domain structure has assumed the orientation of the acting
electric field as far as possible.

A close look at figure 19(b) reveals that(β, γ ) never
reaches the boundary ofG. As a consequence, the remanent
polarization is significantly below the saturation polarization
Psat . The principal behavior of the modified model is
basically the same as the before. In particular, we still can
identify in the dielectric curve the periods dominated by 180◦

and 90◦ switching.
Figure 20(a) shows the corresponding butterfly

hysteresis. We recognize a clearly more realistic
representation of the saturation process of poling as the curve
of the strain over the electric field enters gradually into the
linear piezoelectric range. This curve can be understood
in view of the above discussion and that in section 4.1.
Similar remarks apply also to the ferroelastic hysteresis
shown figure 20(b).

6. Conclusion

The constitutive model for piezoceramics discussed in the
previous sections has been constructed on a thermodynamical
basis. In order to describe the significant history dependence
these materials show, we introduced microscopically
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motivated internal variables with ordinary differential
equations as evolution laws.

Even though only very few material constants are
involved in the present formulation of the model, the
behavior of piezoceramics under uniaxial loadings was
represented at least qualitatively well. Even more important,
all observations made at the macroscopic curves of the
model response could be associated with well established
microscopic interpretations of ferroelectric behavior.

Further investigations concerning the shape and the
enforcement of the setG of admissible values for the
internal variables seem to be desirable. An improved model
response can be expected, if more realistic functions for the
dependence of the classical piezoelectric constants on the
microstructural parameters are chosen. Concerning history-
dependent anisotropy properties of the classical moduli,
representations of their dependence on the microstructural
parameters might be enabled by the help of microscopical
switching models. Finally, the rate dependence of the
model response needs to be compared more thoroughly to
experimental results, possibly leading to a modification of
the factor3 in the evolution equations.
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